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ABSTRACT. We study the Iterated Circumcentres Conjecture proposed by
Goddyn in 2007: Let Pi, Pa, P3,... be a sequence of points in R? such that
for every i > d + 2 the points P;_1,P;_2,...,P;_4_1 are distinct, lie on a
unique sphere, and further, P; is the center of this sphere. If this sequence
is periodic, then its period must be 2d 4+ 4. We focus on cases of d = 2 and
d = 3 and obtain partial results on the conjecture. We also study the sequence
and prove its geometrical properties. Furthermore, we propose and look into
several variants of the conjecture, namely the Skipped Iterated Circumcentres
Congecture and the Spherical Iterated Circumcentres conjecture.

1. Introduction

The problem we are going to investigate is based on a conjecture on iterated cir-
cumcentres from Open Problem Garden, proposed by Prof. Luis Goddyn.

Definition 1. Let Py, Py, Ps,... be a sequence of points in R%. The sequence is
called ITterated Circumcentres Sequence(ICS) if it fulfils the following: for every
i >d+ 2, the points P;_1,P;_o,...,Pi_q_1 lie on a unique sphere, and further, P;
is the center of this sphere.
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FIGURE 1. An example of ICS {P;} for i =1,2,...,24 and d = 2.

Conjecture 2. If the ICS is periodic, its period must be 2d + 4.
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FIGURE 2. An example of a periodic ICS with period 8 and d = 2.

At the first glance, the conjecture seems to be quite simple. Yet, the problem
has remained unsolved for years. Driven by curiosity, we started to investigate
this problem. Other than periodicity, we discovered that when the sequence is
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not periodic, there are some very interesting phenomena, for example some points
happen to be collinear, as shown in Figure 1. As we went deeper, we found that the
sequence demonstrates some special geometrical patterns which remain unchanged
even after we slightly alter the sequence. Finding this conjecture worth looking
into, we decided to work on it.

In our study, we will focus on cases of d = 2 and d = 3. In Section 2, we focus on
plane geometry. We study a Canadian Mathematical Olympiad (CMO) question
set up by Prof. Goddyn, who proposed the conjecture, and further investigate the
periodicity and geometrical properties of the sequence. We also propose and study
some other variants, namely the 2D 1-skipped Iterated Circumcentres Sequence and
2D 2-skipped Iterated Circumcentres Sequence. As for Section 3 and Section 4, we
focus on solid geometry and spherical geometry respectively, studying the original
sequence and its variants in 3D. In this report, we mainly prove our lemmas and
theorems by mathematical means, sometimes with the aid of Maple. [See reviewer’s
comment (2)]

2. Plane Geometry
2.1. 2D Iterated Circumcentres Sequence

We will first focus on the simplest case, which is d = 2. Here, we would like to find
out when the sequence is periodic, and when it is periodic, whether its period is
2.2+ 4 =8, as mentioned in the conjecture of Prof. Goddyn [2].

We define the 2D Iterated Circumcentres Sequence.

Definition 3. Let Py, Py, P;,... be a sequence of points in R%2. The sequence is
called the 2D Iterated Circumcentres Sequence(2D ICS) if P; is the circumcentre of
AP, _1P;_5P;_3 for everyi > 4.

P
FIGURE 3. P; is the circumcentre of AP;,_1P;_sP;_5.
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By the above definition of 2D ICS, we found that the sequence may not be well-
defined, as shown in Example 4 and Example 5 below:

Example 4. When Py, Py, P3 are collinear, Py is not well-defined.

/

!
FIGURE 4. P, P, P5 are collinear and the perpendicular bisectors
of Py P3 and P, P3 are shown.

Referring to Figure 4, we can see that the point P, will not be well-defined. The
circumcentre of a triangle is the point where the perpendicular bisectors of the
triangle meet, but the perpendicular bisectors in this example are parallel. In other
words, they do not intersect each other.

Therefore, when Py, Py, P3 are collinear, P, is not well-defined.

Example 5. When ZP, Py P3 = 90°, Ps is not well-defined.
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FIGURE 5. ZP,P; P; = 90° and Py is the circumcentre of AP, P, P

As shown in Figure 5, the points P», P53, Py are collinear, which leads to the per-
pendicular bisectors of these three points not intersecting each other.
The situation above is similar to that in Example 4, which means that when

Py, Py, P3 are collinear, Ps5 is not well-defined.
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As we found that in some cases the 2D ICS is not well-defined, before moving on
to the studies of 2D ICS, we would like to first find out the condition such that the
2D ICS must be well-defined.

Theorem 6. The 2D ICS {P;} is well-defined if Py, P» and Ps are not collinear
and ZP2P1P3 75 90°.

Proof. Let P;, Piy1, P;12 be some points such that

(i) Pi, P41, Piy2 are not collinear;
(ii) ZPiy1PiPiys # 90°.

Suppose that P;y1, Pite, P;43 are collinear.

As P;3 is the perpendicular bisector of P;11P;12, the only possible position of
P; .3 is the mid-point of P41 P;1o. In other words, P11 P;3P;12 is a diameter of
a circle. However, by /s is the same segment, ZP; 1 P;P; 1o = 90°, which causes
contradiction.

. Piy1, Pi,, Pits are not collinear. [See reviewer’s comment (3)]

Suppose that ZP; 19 P; 1 P13 = 90°.

As P;13P; 12 and P;3P;; are radii of the same circle, AP; 1 P; 12 P; 3 is an isosceles
triangle. Therefore,

LPi 1 PiioPiys = LPi 9P 1P 3 =90° (base s, isos. A)
LPi1PiyoPiis+ LPiyoPii1Piys+ LPi 1 PiysPiyo = 180° (Z sum of A)
By solving the above equations, we have ZP;1P;y3P;yo = 0°, which means that

P;i1, Piyo, P13 are collinear, thus causing contradiction.
. LPiioP; 1 Prys # 90°. [See reviewer’s comment (3)]

By the principle of mathematical induction, if Pj, Py, P3 are not collinear and
/P3P P, # 90°, for any positive integers i, P;, P;11, P12 are not collinear.
As for any positive integers 4, if P;, Piy1, P;1o are not collinear, there exists an

unique circumcentre, which is also the position of P; 3.
As a result, if Py, Pa, P3 are not collinear and ZP; Py Py # 90°, the 2D ICS {P;} is
well-defined. O

In all the studies from now on, we assume that the 2D ICS is well-defined with the
conditions stated in Theorem 6 satisfied.

2.1.1. Proof by Prof. Luis Goddyn

We found a similar problem in Canadian Mathematical Olympiad(CMO) 2001 [1],
which is actually also set up by Prof. Goddyn. The question and the solution below
has been converted into one-based for readers’ convenience.

Question 7 (2001Qb5a). Prove that the points Py, Pg, P1g, P14, ... are collinear.
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FIGURE 6. An example of 2D ICS {P;} for ¢ = 1,2,...,6 with
ZP2P4P3 =2«

Let LP,Py Py =2a. As AP, P3Py is isosceles, we have that
PoP3 = 2sina.

The line PyPs is the perpendicular bisector of PoP3. Since AP3P,Ps is isosceles,
we can calculate its length,

P3Py/2 1

cosae  2cosa’

PyPs =

As Py is the circumcentre of AP3 Py Ps, we have / PyPgPs = 2/ PyP3Ps = 2/ P3P, P5
= 2a. The isosceles triangle APyPsPg is therefore similar to AP,P3P,. As
P,Ps | PyPs, we have /P, P, Py = 90°. Furthermore, the ratio PyPs: PPy equals
r where

PPy 1 1

"= P,P;  (2sina)(2cosa) - 2sin(2a)

By the same arqument, we see that each ZP;P;19P;4 is a right angle with

P oP; y: P;P;io = 1. Thus the points Ps, Py, Ps, ... lie on a logarithmatic spiral
of ratio v and period 4. It follows that Pa, Ps, Prg, ... are collinear. [See reviewer’
comment (4)]

In the following studies of 2D ICS, /P, P4P; = 2« and r = m
Also, by Z at centre twice £ at ©°°, ZP, P, P3 = .
Based on the above solution, we proposed the following lemmas:

Lemma 9. ZPP;oP;y1 = LP 2Py Piys fori>2

2a, ifi=246...
a”dlpiP”?P”“:{ 180° — 2a i§¢:357...
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Proof.

Let ZP; P19 P11 = 20, where i > 2.
As P; 2P, 3 is the perpendicular bisector of P;P; 1, we have that
LPi1PipoPiy3 =10
" PiPiya = Pita2Pia
S LPioPi 1 Piys =0 and LP; P3P 5 = 180° — 20
As P;13P; 4 is the perpendicular bisector of P;;1 P12, we have that
ZLPiyoP;y 3Py =90° -0
v PiyiPiys = PiysPito
. LPiisPiioPiis = 90° — 0 and LP,oP, iy Priy = 20
As a result, ZP;Pj1oP;1 1 = £LP;1oP;14P;ip 3 = 20 for integers i > 2.

By the principle of mathematical induction and substituting 20 = £ P, P, P; = 2a,
we have that P;P; o P; = 2a for even integers i > 2.

Similarly, by the principle of mathematical induction and substituting
20 = /P3P5 P, = 180° — 2, we have that P;P;1oP; 11 = 180° — 2« for odd integers
1> 3.

2, if i =2,4,6...

S AP PPy = { 180° — 2«r, ifi=3,5,7...

Lemma 10. APiPi+1Pi+2 ~ APi+2Pi+3Pi+4 fOT‘i Z 2.

PT’OOf. For 14 > 2, by Lemma 9, we have that ZP@]DH_QPH_l = 4P1;+2P)1'+4Pi+3
PP = PoPirand PyoPipy = Py Py
SAPP P~ AP 9Py 3Py
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Lemma 11. {Pao} and {Pagt+1} lie on two spirals, where ZP;P;yoP;yq = 90°.
Remark 12. Note that P, may not lie on any of the two spirals.

Lemma 13. P;, P;14.P;1s, ... are collinear for i > 2.
2.1.2. Periodicity of the 2D ICS

In Lemma 11, we have found out that P;, P;y2, Pi14,. .. lie on a logarithmatic spiral.
By studying the properties of this spiral, we want to find out when the sequence
will be periodic, and what the period of the sequence is.

Lemma 14. P;P;.4 is perpendicular to P;1oP;1¢. [See reviewer’s comment (5)]

Proof.
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FIGURE 7. P;, P12, Piy4,...,Piy1s form a square logarithmatic spiral.
1 1—72 1
slope of P,Ps = —, slope of PP = ——= = —,...
r r—r r

slope of PyPy = slope of PyPio = ... = —r
Therefore, the following is true for all positive even numbers i:

slope of P;P;14 X slope of Pi1oP; 6 = —1
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Similarly, we have
slope of P3P; = slope of P3P = ...
slope of Ps Py = slope of PsPi3 = ...
Therefore, the following is true for any positive integers ¢ > 2:
slope of P;P;14 X slope of Pi1oP;i6 = —1
O

Since the two lines are perpendicular to each other, the spiral will become a square
if and only if the ratio r equals to 1 or -1. When the spiral becomes a square, the
sequence will be periodic with period 8.

Theorem 15. Py, Py, Ps,... is periodic if and only if Z/P,PyP3 = 15° or 75° or
105° or 165°

Proof. The sequence is periodic if and only if the spiral becomes a square, and the
spiral becomes a square if and only if r =1 or —1.

1
Recalling that /Po P Ps = o and 7 = — ,
2sin 2«

1
= =1 -1
" 2sin 2a or

o PP P3 = o = 15° or 75° or 105° or 165°

2.1.3. Point of Convergence

In the previous section, we have studied the cases of » = 1 or -1. Here, we focus only
on cases of r < 1, where the two spirals are converging. [See reviewer’s comment

(6)]

We want to prove what Prof. Goddyn has omitted, but we found not that trivial -
that the two spirals have the same point of convergence, which is the point where
the four diagonal lines are concurrent.
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P

FIGURE 8. The two spirals Ps, Py, Ps,... and P3, P5, P7, ... with
first six points each and the four lines: PoPsPig..., P3P7Piq ...,
P4P8P12 ceay P5P9P13 e

After plotting the points on a coordinate plane, we observed the patterns as shown
in Figure 8. We therefore suspected the following:

(i) The four lines P, Py, P3Pz, Py Py and P5Py are concurrent at a point.
(ii) The two spirals Py, Py, Ps, ... and P, Ps, Pr, ... are converging to the point
where the four lines are concurrent.
We want to prove that the two statements above are true. Before moving on to the
proofs, we would like to first define the points P,qq and Peyen:

Definition 16. P, is the point of intersection of lines P, PsPig ... and
P4P8P12 e

Definition 17. P,yq is the point of intersection of lines PsP; Py ... and
P5P9P13 e

Lemma 18. APP;P; 5 is similar to APP; 9P, 14,

. Peyen, if1=2,4,6...
> P
where i > 2 and P { Pyt ifi=3.5.7...
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Proof.

*.r"{ Ps+r;

P

Let ZPPPiyy = f.
By Lemma 14, P,PP; 5 = £LP; 12 PP; 4 = 90°
LPiPi 2P =90° - f3
By Lemma 11, ZP; P12 P4 = 90°
LPiy4PipoP =f3
LPi 9Py P =90° -3
ZPiPioP = /P 5P yP=90° -3
LPP;Py o= /PP 3P 4=
S APP;Piio ~ APP; 2Py (AAA)
O]

Lemma 19. If P;, Piyo, Pit4,... lic on the vertices of a square logarithmic spiral,

, . Peyen, ifi=2,4,6...
> = .
they will converge to P, where i > 2 and P { Possr ifi=3.5.7...

Proof. By Lemma 18, we have

P oP  PiyoPiyy
- =rand Pyo,P = 1" PP
¥z PPy r an 12 T
v lim r"=0andr <1
n—oo
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Lemma 20. AP P5P,qq is similar to APsPyP,qq.

Proof. By Lemma 10, AP3; P, P5 is similar to APsPsP; and AP; P Py.
Therefore, /P3PsPy = /P5P;Ps = £ P;PyPxg.
By Lemma 18, AP,qqP3Ps is similar to PoqqPrPo.
LP3P5Poqq = £P7PyPogq (corr. /s, ~ As)
S PyPsPogq — /PsPsPy = /PsPyPogq — £ P:PyPs
LPyPsPoqq = £LPyPyPoaa
P;P; = Py Ps (radii)
P;Py = PyPy (radii)
PPs  PyPs PP
PPy PPy DPsP
APy PsPogq ~ APgPyPygqq (ratio of 2 sides, inc. /)
AP PsPogqa ~ APy PyPoaq

(corr. sides, ~ As)

O
Lemma 21. P4, P,qq and Ps are collinear.
Proof. By Lemma 20, APy P5P,qq is similar to APsPyPoqaq.
LPyPoqaPs = ZPgPogaPy (corr. Zs, ~ As)
Considering line P5Pyqq Py,
LPyPogqPs + £PyPogq Py = 180°
L PyPoqaPy + £PyPogaPy = 180°
. PyPygqPs is a straight line. (Converse of adj.Zs on st.line)
O

Theorem 22. The two spirals P;, Piyo, P14, ... and Piy1, Piys, Piys, ... have the
same point of convergence, which is the point where the four diagonal lines Py Pg,
P3P;, PyPy and PsPy are concurrent.

Proof. By Lemma 21, P,Pg is concurrent with PsP; and PsPy at P,gqq. Similarly,
Ps Py is also concurrent with P3P, and PsPy at P,qq.

By Lemma 13, P;, P;14, P;tg are collinear for i > 2.

Therefore, PiPi+4a Pi+1Pi+57 Pi+2Pi+6 and Pi+3Pi+7 are concurrent at Podd-

By definition of Peyen and Poqq, we have Peyen = Pogq- From now on, we use P to
denote the point of intersection of the four diagonal lines.

By Lemma 19, the two spirals both converge to P. O
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2.1.4. Divergence

Finally, we will focus on cases of r > 1, where the two spirals are diverging. [See
reviewer’s comment (7)]

FIGURE 9. The two spirals Ps, Py, Pg, ... and Ps, Ps, Pr, ... are diverging.
2.1.5. Illustrative Example

To better present what we have proved, we will give an illustrative example.
In the example, we have P;(—1,0), P;(1,0) and P;(0.375,0.5).
By definition of a. we have
a= /PP P; =~ 19.98311°
1 1
T = =

2sin 2« 2sin(2 - 19.98311°)
As r &~ 0.77840 < 1, it is expected that the two spirals will converge to the point
P, where P is the point of intersection of the four diagonal lines P, Py, P3P7, Py Ps
and PsPy. The figure below also matches our expectation.

~ 0.77840
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FIGURE 10. The example of the 2D ICS, with P;(—1,0), P;(1,0)
and P;(0.375,0.5)

2.2. 2D 1-skipped Iterated Circumcentres Sequence

After studying the 2D ICS, we try to make some changes to the original sequence
while maintaining its interesting geometrical properties. We came up with the 2D
1-skipped Iterated Circumcentres Sequence.

Definition 23. Let Pi, P», Ps,... be a sequence of points in R%. The sequence is
called the 2D 1-skipped Iterated Circumcentres Sequence (2D 1-skipped ICS) if P;
is the circumcentre of AP;_oP;_3P;_4 for every i > 5.

FIGURE 11. P; is the circumcentre of AP;_oP;_3P;_4
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We suspected that the 2D 1-skipped ICS may have similar properties with the 2D
ICS which we have studied in the previous section. Therefore, we would like to
start with investigating the periodicity of this sequence and find out whether they
are really similar

Inspired by Prof. Goddyn [3], we found that it may be easier for us to study the
properties of 2D 1-skipped ICS if we start with a special case.

Definition 24. Let Pi, Ps, Ps,... be a sequence of points in R%2. The sequence is
called the Special Case of 2D 1-skipped ICS if Py lies on the perpendicular bisector
of PL Py and P; is the circumcentre of AP;_oP;_3P;_4 for every i > 5.

FIGURE 12. An example of the Special Case of 2D 1-skipped ICS.

[See reviewer’s comment (8)]
Note that except at the very beginning of the sequence, the special case is actually
the same as the general case.

Theorem 25. The Special Case of 2D 1-skipped ICS {P;} is well-defined if the
following conditions are satisfied:

(a) Py, Pa, Ps, Py are not concyclic;

(b) P1, Py, P3 are not collinear;

(¢c) Py, Py, Py are not collinear;

(d) Py, Ps, Py are not collinear;

(e) Ps does not lie on the perpendicular bisector of Py Py;
(f) Py is not the circumcenter of APy, Py, Ps.

Proof. Let P;, P;11, P;12, Piy3 be some points such that

(i) Pi, P41, Piy2, Pit3 are no concyclic;
(ii) P;, Pi12, Py are not collinear;
(iii) P, Pl+1, P; 1o are not collinear;
(iv) Pit1, Piy2, Piys are not collinear;
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(v) Piio does not lie on the perpendicular bisector of P;P;11;
(vi) Pits is not the circumcenter of AP;, Piiq, Piio.

Let @ be the point of intersection of P;P;y, and the perpendicular bisector of
PPy,
Let ZR+2P¢+4.PZ'+1 = 2a.
ZPiy2PiPii1 = a (£ at center twice Z at ©°°)
LPy3P; Py = ZP;13P; 11 P; (base Zs, isos. A)
4Pi+2QP»i+1 =2« (ext. Z of A)
= ZPiyaPitaPity

" Piy1,Piyo,Q, Piyyg are concyclic. (Zs is the same segment)

P, 5 and P;,4 lie on the perpendicular bisector of P;P;;1, and a line intersects a
circle at at most 2 points. Therefore, P;11, P;y2, Pit3, Pi+4 are only concyclic if
P, 5 is at the position of P;14 or Q.

However, by (vi), Pi+3 is not the circumcenter of AP;, Pi11, P;12. In other words,
it is not coincident with P, 4. Also, by (iii), P43 does not lie on P;P; o, which
means it is not coincident with @ as well.

. Piy1, Piyo, P13, P;y4 are not concyclic.

P; 15 and P; 14 lie on the perpendicular bisector of P; P; 1, therefore, P, 11, P;y3, Pit4
are only collinear if P;;3 and P;;4 are coincident, which contradicts (vi).

. P11, Piys, Piy4 are not collinear.

By (iv), we have that P;y1, Piyo, Pi+3 are not collinear.

. Piy1, Piyo, P13 are not collinear.

Py 3 and P4 lie on the perpendicular bisector of PPy, and by (v), P;ro does
not lie on the perpendicular bisector of P;P; .

‘. P12, Piy3, P4 are not collinear.
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P; 15 and P;44 lie on the perpendicular bisector of P; P41, and P;4 also lies on the
perpendicular bisector of P;11P; 2.

The perpendicular bisector of P; P, only intersects the perpendicular bisector of
P;11P; 2 at 1 point, and the point is P;4. In other words, P; ;3 only lies on the
perpendicular bisector of P;11 P12 if it is at the position of P 4.

However, by (vi), Pit3 is not coincident with P 4.

*. Pi+3 does not lie on the perpendicular bisector of Py P;yo.

P; 4 is the circumcenter of AP, P; 1P, 2, and by (i), P;, Piy1, Pit2, Pi13 are not
concyclic.

*. Piy4 is not the circumcenter of AP; 1, Pito, P;13.

By the principle of mathematical induction, if initial conditions (a) to (f) are sat-
isfied, then P;, Pji1, Pito, P13 are not concyclic, P;, Piy1, P42 are not collinear,
P;, Piyo, P15 are not collinear, P11, P;42, P;y3 are not collinear, P;;5 does not
lie on the perpendicular bisector of P;P;;1 and P;y3 is not the circumcenter of
AP;, Piy1, Piyo

As for any position integers i, if P;, P;11, Piyo are not collinear, there exists an
unique circumcentre, which is also the position of P;44.

As a result, if the initial conditions of (a) to (f) are satisfied, the Special Case of
2D 1-skipped ICS {P;} is well-defined. O

In all the studies from now on, we assume that the Special Case of 2D 1-skipped
ICS is well-defined with the conditions stated in Theorem 25.

For general case of 2D 1-skipped ICS, the situation is similar, except that Ps, Py, Ps
must not be collinear as well.

i.e. 2D 1-skipped ICS { P;} is well-defined if Py, P, P5, Py are not concyclic, Py, Py, P
are not collinear, P;,P»,P, are not collinear, P5,P3,P; are not collinear, Ps,P,,P;
are not collinear, P; does not lie on the perpendicular bisector of P; P, and Py is
not the circumcenter of APy, Py, Ps.

In all the studies from now on, we assume that the 2D 1-skipped ICS is well-defined

with the conditions stated in Theorem 25 satisfied and Ps, Py, Ps are not collinear.

2.2.1. Periodicity of the 2D 1-skipped ICS

By rotation, translation and scaling, we let the initial conditions be
Pl(fl, 0), PQ(l, 0), Pg(a, b), P4(0, C)

By Maple, we could find the coordinates of P; in terms of a, b, c.!
As shown in Figure 13, we observe that P;, P,ig, Pi+12,... are collinear. This

IThe code of the program can be found in the appendix.
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resembles the spirals we have come across in the 2D ICS. Therefore, we suspected
that the 2D 1-skipped ICS is periodic with period 12.

F1GURE 13. P;, Piy¢, Pit12,. .. are seemingly collinear.

We tried to fix the coordinates of P;, P> and Ps, then translate P, along the per-
pendicular bisector of line P; P». By setting the equation P; = P;3, we could find
out the condition which the sequence has to satisfy such that it is periodic with
period 12.

From the result of Maple, we obtained Theorem 26:

Theorem 26. Given initial condition: Py(—1,0), P»(1,0), P3(a,b), P4(0,c), the se-
quence is periodic if and only if the following equation is satisfied:

_ b3+5a%b—6ab+bt/7a2b%4+22a4b2 —44a3b2+22a2b2 —ab+4a5 —6at+4a3 —a?
- a?+2a+1+b2

When we are studying 2D ICS, we found out that when P; and P, are fixed, there
must exsist some P3 such that the sequence is periodic. However, according to the
equation above, we found that ¢ may have no real roots. In other words, for some
fixed positions of P3, there may not exist any possible positions of P4 such that the
sequence is periodic with period 12.

Let A = 7a?b* + 22a%b? — 44a3b? + 22a2b? — a® + 4a® — 6a* + 4a>® — a?

When A > 0,

there are 2 possible values for ¢ such that the sequence is periodic.
When A =0,

there is 1 possible value for ¢ such that the sequence is periodic.
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When A <0,
there are no possible values for ¢ such that the sequence is periodic.
By completing the square and solving quadratic equation, we found that

A>0Whenf\/8\[711 b \/8‘[*11

—11

A=0 when

Lemma 27. If ZP, PPy = tan™ (—/82-11) &~ 168° or tan~! {/3¥2711 ~11.9°,

there is only 1 possible value for ¢ such that the sequence is periodic.

Proof. By rearranging —25 = £/ Q , we have

_— /8\/57—11(a+1) 8\/5—11

Since Py P, is parallel to the x-axis, /P P, P3 = tan™ :I: 8\/57 11 O

As previously mentioned, the general case is actually as same as the special case
except at the very beginning of the sequence.

i.e. Pj lies on the perpendicular bisector of line P, Ps.

In other words, all the lemmas and theorems obtained above can be applied to the
general case by simply increasing the index ¢ by 1.

2.2.2. Transformation of the Points

After studying the periodicity of the sequence, we moved on to its geometrical
properties. Note that we also started with the special case.

By plotting the sequence on a coordinate plane and translating the first four points,
we obtained the graphs below.
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FicURE 14. All the points seem to converge to a point.

We observed that the points are sometimes converging. In the previous section, the
2D ICS has a point of convergence, so we are curious about whether the points in
the 2D 1-skipped ICS will also converge to a point.

Furthermore, we observed that the shapes formed by connecting some 6 points are
similar, as indicated by the coloured lines in the following graph.
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FIGURE 15. An illustration to our observation that the shapes
formed by connecting some 6 points are similar.

Please note that the definition of P is different from the last subsection. Here, we
define P as follow:

Definition 28. P is the point of intersection of Py P; and Py Pyg.
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FIGURE 16. An illustration of P is the point of intersection of
P1P7 andPQPS.

Lemma 29. P, P, ¢ are concurrent at P for 1 <i <6.

Proof. With the help of Maple, we have PP, + PP; ¢ = P;P;1¢
In other words, P lies on segment P;P;¢.
Therefore, the six lines P;P;;¢ are concurrent for 1 < ¢ < 6. L]

Lemma 30. P, P;y; is perpendicular to P;y3P;14.

Proof. P13 is the circumcentre of P;_1, P; and P41, therefore P;;3 lies on the
perpendicular bisector of P;P;;;. Similarly, P;;4 is the circumcentre of P;, P,y
and P; o, therefore P;y4 also lies on the perpendicular bisector of P;P; .

S PP L P3Py O

Lemma 31. P, P,y is parallel to P;yePiy7

Proof. By Lemma 30, P;P;y1 L Piy3Piy4, and P3Py L PiyePiyr.
. PiPy1//PiyePiyr (int.4s supp.) O

PP
Let r be ﬁ

PP .
Lemma 32. There is a constant r such that iz =r for1 <i<6.
i+6
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Proof. By Lemma 31, P;P;y1//Pi6Pitr,
APP;P;yy ~ APP; ¢Pi17 (AAA)
APP,Py ~ APP; Py (AAA)
PP _RP
PP PP
APPPy ~ APPsP, (AAA)
PP PP
PP~ RP
PP PP PP PP PP PP
PP PsP PP  PoP PLP PoP

Similarly, r

To simplify the problem, we translated the graph to make P the origin.
Let f(Pl,...7P6) Z—’I"(Pl,...,PG).

Lemma 33. P;, ..., P2 can be transformed from P, ..., Ps by rotation by 180°
and scaling by .

Proof.

f(Pl,...,P6> Z—T(Pl,...,PG) = (—’I“P]_,...,—’I"Pﬁ)

By Lemma, 32, (—TPl,...7—7‘P6) = (P7,...,P12)
Therefore, f(P1,...,Ps) = (Pr,..., P12)
O

Let P{,P;, Pi, ... be a sequence of points. Define P/ to be a point transformed
from P; by scaling by % and rotation about P by 180°.
Lemma 34. P; and P ¢ are coincident.
Proof.

By definition, (P;, Py, Ps,...) = —r(P1, P2, Ps,...)
By Lemma 33, Pr,..., Pj3 can be transformed from Pi,..., Ps by rotation about

P by 180° and scaling by r.
In other WOI‘dS7 (P7, ey Plg) = —’I“(Pl, ey P6)
Therefore, (Py,...,Ps) = (Ps,..., P5)

By definition, Py, Py, Ps, ... is an 2D 1-skipped ICS. Since Pj, Py, P, ... are trans-
formed from Py, P, Ps, ... by only scaling and rotation, Py, Pj, Pj, ... is also an 2D
1-skipped ICS.
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By Theorem 25, 2D 1-skipped ICS is well-defined, therefore
(P, Py, Ps,...)= (P, P, P, ...)

O]
Theorem 35. Pg;i1,...,FPsi16 can be transformed from Py,...,Ps by rotation
about P by (180° x i) and scaling by r°.
PT‘OOf. Let S(Z) (P6i+17 ey PGZ‘JFG) = (—T)i . (Ph ey PG)
By Lemma 33, S(1) is true.
Assume S(k) is true for some positive integer k.
i.e. (P6k+17 e 7P6k+6) = (—T)k . (Pl, e 7P6). (*)
By definition, (Pek47, - - -, Pok412) = —7(Poprrs - - - » Popr12)
= —1r(Psk+1, - - - s Pok+6) (By Lemma 34)

= (=r)Ftt (P, ..., Ps) (By (%)

.S (k+1) is also true.
.. By the principle of mathematical induction, S(¢) is true for all positive integers
i O

By Theorem 35, Lemma 32 is true for 6k + 1 < ¢ < 6k + 6, where k is any non-
negative integers.
Furthermore, we obtain the following properties of 2D 1-skipped ICS:

Corollary 36. P;, P;i¢, Pit12,... are collinear.

Proof. By Theorem 35, during the transformation of P; to P;;¢, Pit¢ is rotated by
180°. Similarly, P;112, P;11s, ... are also rotated by 180°.
By converse of adj. Zs on st. line, P;, Py, Pit12,... are collinear. O

Corollary 37. Py, P, P3,... converge to P.

Proof. By Theorem 35, Ps;4r = Pyr® for any positive integers k where 1 < k < 6.
lim r* =0
1— 00
O

Corollary 38. FentiFPsn+j 15 parallel to PeptivePontjte and PsptiveFPont; 5
parallel to Psytit12Psn+j+6, where 1 <i,7 < 6 and n is any non-negative integers.
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Proof. By Theorem 35, Psy;P =r- PP and Ps;;P =1 P;P.
/P;PP; = /Ps;PPs; (vert.opp. Zs)
.. APP,P; ~ APPs.;Ps; (ratio of 2 sides, inc £)
/PP,P; = /PPy, Poy,
" PiP;//PotiPo+;
Similarly, Ps1iP;j//PiayiPs,
O

Corollary 39. P;, P, Psy4, Psj, Pioti, Pia4j, ... form a parallelogram-like spiral
with opposite side ratio r, where 1 < 1,5 < 6.

Proof. By Corollary 38, the opposite lines of the spiral are parallel. By Lemma 32,
the points undergo scaling by r for each 6 points. O

AP
- 5

FIGURE 17. The two sprials formed by Py, Ps, Py, P12, ... and Py, P3, Pg, Py, ...

Similar to the previous section, all the corollaries, lemmas and theorems above can
be applied to the general case by increasing the indices by 1.
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3. Solid Geometry
3.1. 3D Iterated Circumcentres Sequence

Definition 40. Let Py, P,, Ps,... be a sequence of points in R3. The sequence
is called the 3D Iterated Circumcentres Sequence(3D ICS) if P; is the spherical
circumcentre of P;_1, P;_o, P;_3, P;_4 for every i > 5.

e e e

1
[
AL
PRt
F G
r
Gt mn T
- [ \‘
If hl ..j]'_ll 1
" e
Fia i

FIGURE 18. P; is the circumcentre of P;_1,P;_o, P;_3,P;_4

Similar to 2D 1-skipped ICS, we will start with a special case.

Definition 41. Let P;, P», Ps,... be a sequence of points in R3. The sequence is
called the Special Case of 3D ICS if P3 lies on the plane perpendicularly bisecting
PPy, P, lies on the line equidistant to Py, Py, P53, and P; is the spherical circum-
centre of P;_1,P;_o, P;_3, P;_4 for every i > 5.

Theorem 42. The 3D ICS {P;} is well-defined if the following conditions are
satisfied:

(a) Py, Py, P3, Py are not coplanar;

(b) Py, Ps, Py, Ps are not coplanar;

(c) Let C be the circumcenter of APy P3Py such that PiC # P,C;

(d) Let D be the circumcenter of APsPyPs. ZP3P5Py # 90° if PoD = P3D.

Proof. Let P;, P11, Piy2, Piys, Pi+4 be points such that

(1) Pi7 Pi+17 Pi+27 Pi+3 are not coplanar.
(11) Pi+17 Pi+27 Pi+37 137;4_4 are not coplanar.
(iii) Let C be the circumcentre of AP, 1P, 12P;15 such that P,C # P;11C
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(iv) Let D be the circumcentre of AP, oP;13Pivy. ZPiioPiiyPiyrs # 90° if
P D =P 2D

By (ii), Pi41, Pit2, Pit3, Piy4 are not coplanar.

Suppose Pjyo, Pits, Pit4, P15 are coplanar.

Since P;i3, P;14, Piy5 lie on the plane perpendicular bisecting P;41FP;42, we have
P;i5 = P13 or Py5 = P14, both of which cause contradiction.

. Piyo, Piys, Piy4, P15 are not coplanar.

Suppose that C is the circumcentre of AP, 5P;3P;14 such that P,11C = P, 2C.
Then, C = P;y5, which makes P;yo, Pit+3, P44, P15 coplanar, which causes con-
tradiction.

" Pi+lc 7é PZ'+QC.

Suppose that D is the circumcentre of AP, 3P;4P;+5 such that ZP; 3P 5P;14 =
90° and PZ‘J’_QD = B+3D.

Since P oD = P;y3D, we have D = P; 5. So, Piy3, Pi15, P14 are collinear, which
makes P; o, Pit3, Pit4, P15 coplanar, which causes contradiction.

S LPi3Pis Py #90° if PiyoD = PiysD.

By the principle of mathematical induction, if initial conditions (a) to (d) are
satisfied, P;, P;11, P;t2, Pi+3 are not coplanar for all positive integers 1.

For any positive integers i, if P;, P11, P;12, Piy3 are not coplanar, there exists a
unique circumcentre which is the position of P14

As a result, if the initial conditions (a) to (d) are satisfied, the 3D ICS {P;} is
well-defined. O

In all the studies from now on, we assume that the 3D ICS and the Special Case
of 3D ICS are well-defined with the conditions stated in Theorem 42 satisfied.

3.1.1. Transformation of the Points

We observe that in this case, P;, Piy5 and P19 are collinear for ¢ > 1. In or-
der to prove our observation, we would like to find out some points or segments
which can help us figure out the transformation of P;, Piy1, Piyo, Pits, Pita to
P15, Piyg, Piy7, Pirs, Pirg and onwards. We also observe that the transformation
involves rotation by 180° and scaling by r.

PP

Let P be the intersection of P; Ps and P P;, and let r be P
6

Lemma 43. PP, 5 are concurrent for 1 <14 <5.
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Proof. With the help of Maple, we found that PP; + PP, 15 = P;P;+5
In other words, P lies on segment P;P; 5.
Therefore, the five lines P; P;y5 are concurrent for 1 < i < 5. O]

Lemma 44. P, P;; is parallel to P;y5P;1¢.
Proof. P;1o, P13 and P;y4 lies on the perpendicular bisector of P;P; 4.

Also, P;P;+1 and P;y5P;.¢ are perpendicular to the plane P;1oP; 3P;14.
By int. Zs supp., P¢Pi+1//Pi+5P¢+6. O

PP
Lemma 45. There is a constant r such that — =71 for1 <i<5.
i+5

Proof. By Lemma 44, P,P;1 // Pii6Piyr,

APP;P; 11 ~ APP; 5P ¢ (AAA)

APP, P, ~ APPgsP; with side ratio r,

Similar to Lemma 13, Lemma 45 is proved. O

To simplify the problem, we translated the graph to make P the origin.

Let f(Pl, .. .,P5) = —T”(Pl,. . .,P5).
Lemma 46. f(P]_,...,P5) = (P(;,...,Plo)

Proof.
f(P,....,Ps)=—r(P1,...,Ps)=(—rPy,...,—1rP5)
By Lemma 45, (—rPy,...,—rP5) = (P, ..., P1)
Therefore, f (P, ..., Ps) = (FPe, - .., Pio)
O
Let P{, P}, P}, ... be a sequence of points. Define P/ to be a point transformed

from P; by scaling by % and rotation about P by 180°.
Lemma 47. (P, Py, Ps,...) = (P§, P}, P, ...)

Proof.

By definition, (P, Py, P5,...) = —r (P, P2, Ps, . ..)
By Lemma 45 and Lemma 46, Ps, ..., Pip can be transformed from Pi,..., P5 by
rotation about P by 180° and scaling by r.

In other word, (Ps,...,Pio) =—r(P1,...,Ps)
Therefore, (P, ..., Ps) = (P,..., Pjy)

By definition, Py, Py, Ps, ... is an 3D ICS. Since Py, Pj, Pj, ... are transformed from
Py, Py, Ps, ... by only scaling and rotation, Pj, P5, P5, ... is also an 3D ICS.
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By Theorem 42, 3D ICS is well-defined, so we have
(P, Py, Ps,...)= (P, Ps, P, ...)

O
Theorem 48. Ps;11,...,P 545 can l_)e transformed from Pi,...,Ps by rotation
about P by (180° X %) and scaling by r*.
Proof. Let S(i): (Psit1, .-, Psiys) = (=7)" - (P1,..., Ps).
By Lemma 45 and Lemma 46, S(1) is true.
Assume S(k) is true for some positive integer k.
i.e. (P5k+1, . ,P5k+10) = (—T)k . (Pl, e ,P5). (*)

By deﬁnition, (P5k+67 ey P5k+10) = —T’(Pslk+6, ey P5/k+10)
= —1r(Psg+t1,- .-, Pskts) (By Lemma 34)

= (=r)*" - (P1,..., P5) By ()

.S (k+1) is also true.
.. By the principle of mathematical induction, S(¢) is true for all positive integers
7. O

By Theorem 48, we obtain the following properties of 3D ICS:
Corollary 49. The points P;, P;y5, Pit10, ... are collinear.
Proof. By Theorem 48, during the transformation of P; to P;;5, P;y5 is rotated by

180°. Similarly, P;1+10, Pi+15, . - . are also rotated by 180°.
By converse of adj. Zs on st. line, P;, P15, P10, .. are collinear. O

Corollary 50. P is the point of convergence.

Proof. By Theorem 48, Ps;, ), = Py - for any positive integers k where 1 < k < 5.

lim r* =0
1—00

4. Further Experiments and Conjectures

In this section, we are going introduce some other variants of the ICS in which we
failed to obtain significant result. We have done some numerical experiments so as
to study their geometrical patterns.
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4.1. 2D 2-skipped Iterated Circumcentres Sequence
4.1.1. Numerical Experiments

After studying the 2D 1-skipped ICS, we would continue with 2D 2-skipped Iterated
Circumcentres Sequence.

Definition 51. Let Pi, Ps, Ps,... be a sequence of points in R%2. The sequence is
called the 2D 2-skipped Iterated Circumcentres Sequence (2D 1-skipped ICS) if P;
is the circumcentre of AP;_3P;_4P;_5 for every i > 6.

From the result we obtained from 2D ICS and 2D 1-skipped ICS, we thought that
there will be points that are collinear in 2D 2-skipped ICS, and there will be a
point of convergence, which is the intersection of the concurrent lines. However,
after doing some numerical experiments, we found out our conjecture is not true.
The points seem to be collinear for each 16 points, but by drawing straight lines,
we found that the 16 points do not lie on the same straight line. In other words,
they are not collinear.

F1cUre 19. 2D 2-skipped ICS where points seem to be collinear.

By connecting each 16 points together in the figure, we see that points with larger
indices are closer to being collinear, while points with smaller indices are more
messy and do not seem collinear.

Other than points being seemingly collinear, we observed some other interesting
patterns
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FiGURE 20. 2D 2-skipped ICS where points seems to be in a spiral.

We connected each 16 points together in the figure, and it seems that they are in
a spiral. However, the angles of every consecutive 16 points are not the same.

There are also some figures which show a combination of the two properties stated
above, but the figures turn out to be quite messy.

FiGURE 21. 2D 2-skipped ICS when points first seem to be
collinear, then turned into a spiral.
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FIGURE 22. An enlarged version of Figure 21

The first figure is an enlarged figure of the second one. We observe that at first,
the points seem to be collinear, and then they turned into a spiral.

Despite having discovered this interesting phenomenon, we are unable to prove why
the points behave like that.

4.2. 3D 1-skipped Iterated Circumcentres Sequence

We also try to make some changes to the 3D ICS, and come up with the 3D 1-
skipped Iterated Circumcentres Sequence.

Definition 52. Let Pi, P, Ps, ... be a sequence of points in R3. The sequence is
called the 3D 1-skipped Iterated Circumcentres Sequence(3D 1-skipped ICS) if P; is
the spherical circumcentre of P;_o, P;_3, P;_y4, Pi_5 for everyi > 6.

4.2.1. Geometrical Patterns

By numerical experiment, we found that 3D 1-skipped ICS has lost the collinear
property. We also observe a strange phenomenon - the points are behaving differ-
ently with different periods.
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FiGure 23. 3D 1-skipped ICS with period 28.

Above is an example that each 28 points seem to form a curve.
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Ficure 24. 3D 1-skipped ICS with period 42.

Above is an example that each 42 points seem to form a curve.

55
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Ficure 25. 3D 1-skipped ICS with unknown period.

Above is an example that points in the same sequence seem to have formed 7
different eclipses. By painting the points with different colours, We found out that
the indices of the points with the same colour always differ by 7n, where n is any
positive integers. e.g. Pi, Ps, Pi5,... forms the red eclipse, Ps, Py, Pig, ... forms
the blue eclipse, and onwards.

We are astonished by this miraculous pattern. Unfortunately, we failed to account
for the behaviour of the points, and was unable to investigate deeper.

4.3. 3D Spherical Iterated Circumcentres Sequence

Definition 53. Let Py, P, Ps,..., be a sequence of points in R3. The sequence
is called the 3D Spherical Iterated Circumcentres Sequence (3D Spherical ICS) if
Py, Py, Ps, ... lie on the same sphere and P; is the circumcentre of P;_1,P;_o, P;_3
on the minor cap for every i > 4.

FIGURE 26. P; is the circumcentre of P;_1, P;_o, P;_3 on the minor cap.
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4.3.1. Numerical Experiments

We observe that Ps, Py, P7, Pg, P11, P1o, ... are sometimes collinear, and when these
points are collinear, the other points also happen to be collinear and are perpen-
dicular to the line formed by linking P, Py, P7, Py, P11, P1o, . ..

We try to use the way in 2D plane to solve this problem.

Lemma 54. The theorem base /s, isos.A is applicable in spherical geometry while
theorem £ at centre twice £ at ®°° is not.

Proof. Theorem £ sum of A is not applicable in spherical geometry. Therefore,
theorem / at centre twice £ at ©®° is not applicable as well. O

This lemma hints that the points may not be collinear.

We would like to investigate whether there are specific points that fulfill Z at centre
twice £ at ®°°. However, we failed to find those points.

FiGURE 27. The points seems to be collinear.

5. Conclusion

We studied the Iterated Circumcentres Sequence in plane geometry and solid geom-
etry. We also proposed a total of four variants, namely the 2D 1-skipped Iterated
Circumcentres Sequence(2D 1-skipped ICS), 2D 2-skipped Iterated Circumcentres
Sequence(2D 2-skipped ICS), 3D 1-skipped Iterated Circumcentres Sequence(3D
1-skipped ICS) and 3D Spherical Iterated Circumcentres Sequence(3D Spherical
ICS).

For the 2D ICS,we have studied the its periodicity and proven Goddyn’s conjecture.
We also studied the properties of the sequence when it is converging or diverging.
For the 2D 1-skipped ICS, we have studied its periodicity as well. Other than that,
we have proven the relationship between each six points. For the 3D ICS, we have
proven the relationship between each five points.
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For the remained variants, we have done some numerical experiments and found
out some interesting geometrical patterns. However, we are unable to account for
the behaviours of the points.
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Appendix A.

1= proc(n:: novmegin)

option remem ber ©
ifnn=1then
return -1

dif = 2 then
return (;

dif 2= 3 then
returmL;

eif = 4 then
return 0;

elif =5 then
refurn 3

elif = § then
return b;
elif # = 7 then
return 0;

elif =8 then
return o

clse

if mmod 2=1 then
A= fln—8ld = fln—T).B = fln—6).B, = fln—3].C = fln—4).C = fin—3)

I:':A: +‘43}'[E}'_C'-'] + I:Bi + B:J '(Cr-_"i)':l -+ (C3 + CE}'{A}'_B*;” -

e (3, (3,=C) + 5, (6= 4,) + &, [4,~ B,)]

A, n—f[n—‘JJ:AJ. = fln— BB = fin— ?_I;B_.I. = fln—6).C, = fln— ﬁ]:C} = flm—4);
({4 +4) (€, —B)+(BI +B) (4, — )+ (C+C) (B,— 4,))

return -
A, (8,-C,) +5, (C,—4,)+C, [4,-5,))

end if];

end if:

end proc;

FIGURE 28. Program used to find P; in terms of a, b, c.

Jiidy =
am=nn
L6~ f PITYT
R0

F e b AT A

FIGURE 29. Result of the program.

59

L]



60

Ea

Frpdla B Forivs

WeReas

ed Ciacumcanta buraticn_of |inaimwe - [Eervar 1]- Bapls 18

T.F. YU, T.C. WONG, JANICE LING

T p— | Tk Wrdow Hap

S8 LWE S¢& THE e mMIOBSs wv @uk = B B
- v A e

[AET

(-1ed4 i+
e

4 (1 sdfaea e
T B

m
1
B0 @00 ||| 2 B
im-umms‘ @
|9 Lo Do Pl . ]
F1GURE 30. By solving equation of Py P; and P;Pg, we find the
coordinates of P.
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SR N Ak ] e 4
o T Lo v (Gmiere v () BOL EE3 hE =i
vt svpna| ewacl [ + by — ¢ )] ) = g mvwal{ -2, £} | i
s 2
it el nerwal {ay + by = ¢, ) | = epermvwal{ 4 o 3, )) )
) [+
vt oxpana mormal (3, + by — o, ) ) = e mowalf 4 oy by |
o 2
e Rus v o] mevmal] {1y + by — o)) ) = e memall 4 2y B3|
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Qn, bn, Cn, are the square of the length of P, P, P, P, P, P, ¢ respectively. We
have to prove that \/a, + /b, = \/¢,. By rearranging terms, we have (a, + b, —

cn)?
1<

For

1

2

3]

= 4a,b,. With the aid of Maple, we prove that the above equation is true for
n < 6.

3D cases, similar code is used.
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Reviewer’s Comments

The reviewer has some comments about the presentation of this paper, as well as
the notations and typos.

1.

ot

~

The reviewer has comments on the wordings, which have been amended in
this paper.

. Note that 2D 2-skipped Iterated Circumcentres Sequence is studied in Section

4, NOT in Section 2.

It is better to abandon the symbols ‘.- and .-, in the formal mathematical
writing. Please replace them by the corresponding words.

It seems that “logarithmatic spiral” should be “logarithmic spiral”. This also
works in the remainder of the paper.

Lemma 14: Here ¢ should be greater than or equals 2.

Here “r < 1”7 should be “|r| < 1” because o can greater than 90° in Theorem
15.

Here “r > 1”7 should be “|r| > 1.

Figure 12: Note that Pj lies on the perpendicular bisector of P; P> by the
definition of Special Case of 2D 1-skipped ICS. Hence Figure 12 is wrong.
Please modify it.

Since P; has more freedom in the definition of 2D 1-skipped ICS (a similar
phenomenon is the Remark on Page 30), it seems that the main results in-
volving P; in Section 2.2.2 just work for the Special Case of 2D 1-skipped
ICS. The same logic also works for Section 3.1.1.





