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ABSTRACT. For operators A, it is sometimes possible to define e4?

operator in and of itself provided it meets certain regularity conditions. Like
e for ODEs, this operator is useful for solving PDEs involving the operator
A. We call the set of et a semigroup generated by A. In this paper, we discuss
the properties of semigroups generated by the fractional integral, an operator
appearing in PDEs in increasingly many fields, over Bochner-Lebesgue spaces.
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1. INTRODUCTION

The fractional integral is an extension to the ordinary integrals to a non-integer
order and has numerous applications in modelling various phenomena such as vis-
coelasticity, fractionally-damped systems, and diffusion. [KSTO06] A prominent
definition for the fractional integral is the Riemann-Liouville integral which can be
derived from the Griinwald-Letnikov fractional derivative or the Cauchy formula
for repeated integration and is defined, for order «, by:

W2 @) = s [ Ao - o

where f is a function which maps the interval [zg, z1] to a Banach Space X (which
can be the real numbers, Euclidean vectors or even LP functions), and zg < < 7.
|CJ21], Definition 5]

Semigroups are mappings from positive reals to Z(F'), the set of all continuous
linear operators in F' — F. For a given one-parameter semigroup T, they satisfy
the properties T'(t + s) = T'(t)T(s) and T'(0) = I, where I is the identity operator
on F. |Bat+11, Definition 2.1] These two properties can allow one to reveal a lot
of information about the given semigroup 7'(t). The semigroups can be further
categorised into different types of semigroups, such as Cy-semigroups and analytic
semigroups, depending on the properties they possess. The infinitesimal generator,
A, of a one-parameter semigroup, T, is defined to have domain D (A) = {f € F |
T(-)f is differentiable in [0, 00)}. Furthermore, if f € D (A), then:

A A T -

=—T(t =1
dt ()ft=0 hgng

This property is highly useful, as by treating a function f(x,t) as a time-varying
vector f(t), it allows one to investigate partial fractional differential equations
through the lens of Cy-semigroups. [Bat+11] For example, for an operator A, the
solution to the abstract Cauchy problem

{f(t) = Af(t)
F(0)=0

Is known to be

f@) =T(t)f(0)

where T is the semigroup generated by A. It is also known that a linear opera-
tor is the infinitesimal generator of a uniformly continuous semigroup, a type of
one-parameter semigroup, if and only if the operator is also bounded. Normally,
derivatives appear in a PDE, but to ensure the well-behavedness of the semigroup
generated, we instead use the fractional integral operator, ,,J<, as the infinitesimal
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generator of a unique one-parameter semigroup, which we intend to study in this
paper.

In this paper, we will use the theory of one-parameter semigroups in order to
separately the properties of the semigroup generated by the fractional integral. We
use the theory on Bochner-Lebesgue spaces LP(xq, x1; X) to investigate semigroups
generated by Riemann-Liouville fractional integrals, namely its boundedness and
well-behavedness.

2. PRELIMINARIES OF BOCHNER-LEBESGUE SPACES AND Cg-SEMIGROUPS

In this section, we will present some well known definitions and results regarding the
classical Bochner-Lebesgue spaces, one-parameter semigroups and the Riemann-
Liouville fractional integral, which will be of utter importance throughout our
study and analysis of the semigroup generated by the fractional integral.

Definition 2.1. [CJ21} Definition 1] Let E be a subspace in R™, M be a o-algebra
and p be a measure in (E,X). The representation (E, M, ) is called a measure
space. Let X be a Banach space. Then:

(i) A step function ¢ : E — X, where X is an arbitrary Banach space, is
Bochner measurable if ¢! ({s}) € M, Vs € X. Furthermore,
if n(p=t({s})) < oo, then the function is also integrable in E.

(ii) A Bochner measurable and integrable step function ¢ : E — X is a simple
function if and only if it can be expressed as a summatio

n
p= Z AjXA;
j=0

and its integral is defined as,
n
/ pdp =" a;u(A))
E =

(iti) A function f : E — X is Bochner measurable if there exists a sequence
{on ()}, of simple functions such that o, (z) = f(z) as n — oo
in the topology of X, for almost every x € E.

(iv) A function f : E — X is Bochner integrable if there exists a sequence
{on(x)}, of simple functions such that,

lim /E lon(@) — £(@)l|xdp = 0.

n—oo

Where XA, is the indicator function of the set Aj, {a;} is such that Vj a; € X and A; is
chosen such that Vj, A; C E; Vi# j, A;NA; = ¢ and U;.Lzl A;=E.
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Lemma 2.2. We have the following two results from these definitions:

(i) Consider I C R. If f : I — X is a Bochner measurable function and
g : R — R is a Lebesque measurable function, then we their convolution
R xI>(t,s)— g(t—s)f(s) is Bochner measurable.

(i) A function f : I — X is Bochner integrable if, and only if, f is Bochner
measurable and || f|x € L*(I;u). This allows us to introduce the concept
of Bochner-Lebesgue spaces, as defined below.

Definition 2.3. [CJ21, Definition 3] Consider 1 < p < oco. LP(I; X) denotes the
space of all Bochner measurable functions f : I — X in which ||f||x € LP(I;]R)H
LP(I; X) is a Banach space with the norm,

T {[f, FERds]F, i 1<p <o

esssupser [|f(s)llx, if p=o0

From this, we can define an operator norm:

Definition 2.4. |CJ21| Consider a linear operator A € L (LP(xg,x1;X)). Then,
we define its operator induced norm as

”Af”LP(mo,rl;X)

Al 2(Lr (z0,21:)) =
feELP(x0,x1;X) Hf”LP(wo,m;X)

Because the notation is cumbersome, we will denote the operator norm of bounded
linear operators as simply || - ||, unless there is potential for confusion between
different norms.

Under this norm, £ (LP(xg, x1; X)) becomes a Banach space. That being said, this
is not the only topology that we can define. We also introduce the strong operator
topology:

Definition 2.5. [Bat+11] Consider a sequence (A,) consisting of elements of
L(LP(xg,21; X)).

(i) (A,) uniformly converges to A iff

Jim [[An = Allz(Lr (20,20:x)) = 0

(i) (A,) strongly converges to A iff for all f € LP(xq,x1;X),

Jim A f = Afl|o(ag i) = 0

2LP(I; R) represents the classical Lebesgue space.
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The different definitions of convergence implies different notions of open sets, and
different topologies on L (LP(xg,x1;X)). Uniform convergence is convergence in
the topology induced by the operator norm, while convergence in the strong operator
topology is precisely strong convergence.

Note that uniform convergence implies strong convergence, but not vice versa.

We note that many theorems regarding properties of Lebesgue integrals also carry
over to Bochner integrals. In particular:

Theorem 2.6. (Fubini’s Theorem for Bochner integrals) |[Hyt+16, Proposition
1.2.7] Given o-finite measure spaces S, T (that is, the measure spaces are a count-
able union of elements in their o-algebras) and Banach space X, if f: SxT — X
is a function such that

/ 1£(5,8) 1 x dia(s, ) < 0o
SxT

then,

[ fetydus.n) = //fmew //Mtw ) di(t)

Theorem 2.7. |CJ21 Theorem 53] (Leibniz integral rule) Suppose f : SxT — X
be a Bochner measurable function, which is Bochner integrable with respect to the
second variable, and the functions ¢, ¢ : S — T be differentiable. Suppose further
that the partial derivative of f(s,t) exists for almost every (s,t) € S X T then the
following holds:

d @(s)
f(s,t)dt = f(t,d(s))d' (s) — f(t,(s))Y'(s) + /w( ) Os

o(s) 9
— (s, t)dt
ds Ji(s)

We also list some useful inequalities for studying norms:

Corollary 2.8. [CJ21| Theorem 46] (Minkowski’s inequality for integrals) Suppose
that S and T are measure spaces, the function f : SxT — R is Lebesgue measurable

and let 1 < p < oo. Then,
P 13 1
dt} §/ [/ |f(s,t)pdt] ds
s LJT

[T /Sf(s,t)ds
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The following theorem is an immediate consequence of the above (Minkowski’s
inequality for integrals).

Theorem 2.9. [CJ21, Theorem 48] Suppose the function f : [to,t1] — X is

Bochner integrable and g : R — [0,00) is a locally Lebesgue integrable function.
If1<p<ooand 0 < h <ty —tg then the following inequality holds:

LA“4W%[[fg@mfw+¢o—swxd{pm1;

t1 —to—h
< / g(s)
0

Theorem 2.10. (Holder’s inequality) Let E be a measure space, 1 < p,q < oo be
numbers such that % + % = 1°| and functions f,g : E — C be measurable functions.
Then the following inequality holds:

t1—to—h P
/ 1f(r+to — s)|dr| ds

Ifallzr ey < Iflle(mllgllLacm)

We now give some classical definitions and results regarding the theory of one-
parameter semigroups, which is a powerful tool used in functional analysis and will
be critical to our study.

Definition 2.11. [Bat+11} Definition 2.1] Let T : [0,00) — Z(X) be a mapping.
Then:

(i) T is said to have the semigroup property if, for all t,s € [0,0),
T(t+s)=T(t)T(s)

ancE|
T(0) =1

(ii) Suppose the function T : [0,00) — Z(X) has the semigroup property. If
the mapping:
t—T)feX
is continuous Vf € X, then T is a strongly continuous one-parameter
semigroup of bounded linear operators on YE|

We also have the following property of Bochner-Lebesgue spaces:

Theorem 2.12. [Neu2l, Lemma 2.5] Let I = (xo,z1). Then, for each [ €
LP(I; X) and € > 0, there exists a function ¢. € C®(I;X) such that ||f —

Gellr(r;x) < €.

3We define é =0
47 is the identity operator on X
5T can equivalently be called a Cp-semigroup on X.
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We first introduce a lemma regarding sets of bounded operators:

Lemma 2.13. [Bat+11, Theorem 2.28] (Uniform Boundedness Principle) Let X, Y
be a Banach space and let S be a subset of L (X,Y). Then, if for all x € X, we

find

sup{||Az|| | A € S} < o0

we say S is uniformly bounded - that is,

sup{||A]| | A € S} < o0

Theorem 2.14. [Bat+11, Proposition 2.2] Let T : [0,00) — Z(X) be a Cy-
semigroup. Then ¥t > 0,

(i) T is locally bounded, meaning,

sup [|T(s)|| < oo
s€[0,t]

(i) There exists constants M > 1 and w € R such that the following inequality
holds:

IT@)] < Met

Where the semigroup T is said to be of type (M,w) if it satisfies the above
inequality with the particular constants M and w.

Proof. For a fixed function f € X, T'(-) f is continuous on [0, 00) and, thus, bounded
on compact intervals [0, ¢]:

sup [[T'(s)f[| < oo
s€[0,t]

Therefore, by Lemma [2.13

= sup ||T(s)] < o0
s€[0,t]

This gives us our first result (i). The second result follows from the first, as we
now define:

M = sup ||T(s)]] < o0
s€0,1]

Let ¢t > 0 be arbitrary and t = n+r, where n € N and r € [0,1). This allows us to
obtain:

[T < T )T < MITM" < MTMW)] +1)"
< M(|IT(W)][ +1)f = Me*!

where we set w = In(||7(1)|| + 1), which completes the proof for the second result.
O
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Definition 2.15. [Bat+11, Definition 2.7] The infinitesimal generator A of a semi-
group T is defined to have domain

D(A)={feF|T()f is differentiable in[0,00)} C X
Furthermore, if f € D (A), then:
Af . ET T(h)f - f

= Sr = 1
gl W) = lm ==

We will now present some important properties of the infinitesimal generator of
one-parameter semigroups.

Theorem 2.16. [Bat+11, Proposition 2.9] Let T : [0,00) — Z(X) be a Cy-
semigroup in X and A : D (A) — X be its infinitesimal generator. Then:

(i) A is a linear operator in D (A).
(i) for f € X

/OtT(s)fdseD(A) and T(t)f—f:A(/O

t

T@f%>

(i1i) For f € D(A) then we have that T(t)f € D(A) and,

ST(0)f = AT(1)f = T(1)Af

We will now introduce a further classification of one-parameter semigroups, known
as uniformly continuous semigroups, which will be significant to this study.

Theorem 2.17. [CJ21, Definition 25] A wuniformly continuous semigroup is a
strongly continuous one-parameter semigroup 1" such that:

T |7(0) ~ 1] = 0
and can be expressed as,
T(t) = et
where, A, its infinitesimal generator, is bounded and defined to have a domain

D(A) = X. Conversely, an operator A : X — X is the generator of a uniformly
continuous semigroup given by:

T(t) == et

if and only if A is a bounded linear operator.
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Finally, we show that the fractional integral is a bounded linear operator when
mapping from LP(zg,z1; X) to LP(xo,z1; X):

Theorem 2.18. |[CJ21} Theorems 11, 12] (Boundedness of Riemann-Liouville in-
tegral) The Riemann-Liouville fractional integral operator is a bounded linear op-
erator from LP(xg,x1;X) nto itself for all 1 < p < oo and its bound is given
by:

(1 — @0)”

x Ja ZTo,T1; <
e/ fll L7 (@o.215x) < { (o + 1)

} TP

Proof. We will present this proof in the form of several algebraic manipulations.
Firstly, we define a dummy variable s such that s = z—t, which allows us to obtain:

L()lao S fll Lo (2o00;x) = T(c¥) [/ oo S5 f ($)||§<dﬂ?]
o

iyl
/”” Uom s fz — S)Hderdx] :

Now we define r such that x = r + g and by applying Theorem we obtain:

xr1—To T
a2 < [ [ [0+ 00— 1] ]
0
%

g/ {/ | f(r+zo — s)|% dr} ds
0 0

Finally, by defining [ such that » = [ + s — ¢y we acquire:

T1—To xr1—S %
L(a)lzo T3 fll Lo (2g,21:) < / s [/ f(l)@}dl] ds
0 x

0

mi=wo r1=s p »
<[ ol
_ [(%‘1—0[330)] [RAIFZIEHENS'S

(ry —20)®
Ia+1)

1

IN

e s T i i) < { } -
[

Thus, by Theorem this ensures that the fractional integral is the infinitesimal
generator of a unique one-parameter semigroup.
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We present a few results regarding Gamma functions from:
Lemma 2.19. [NIS23| Equation 5.11.3] (Stirling’s approximation)
2T [ 2\*
- /% (2
(2) ~

Lemma 2.20. [NIS23| Equation 5.11.12]
Meta)
T,

I'(z)

Remark 2.21. From numerical computation, we also find that for x > 0, min{T'(z)} ~

0.885603 with x ~ 1.46163. We henceforth define min{['(x)} = min{l(z)|z €
R,z > 0}.

’
T

We also define the digamma function as 1(z) = & ((zz)). We have:

Lemma 2.22. |Wei2l, Equation 25] For integer n € Z,
n—1 1
Y(n) =—+ Z %
k=1
Lemma 2.23. |[Wei2l| Equation 16] As z — oo,

Y(z) ~Inz
Furthermore, by the log-convexity of the log-Gamma function, the digamma func-
tion is monotonically increasing.
Finally, we present a function that appears often in the study of fractional Riemann-

Liouville integrals:

Definition 2.24. The Mittag-Leffler function E, g is defined as

Eop(t) = Z T(ak + )

k=0

If B is not specified, it is equal to 1.

Remark 2.25. We can show that for a > 0, the sequence ak + (8 is strictly
increasing with a. Then, by the ratio test, we have

_ thl '(ak +f) . T(ak+ 8+ a)
lim = lm t————=
koo I'(ak + 8 + ) tk koo D(ak+ )
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Using Lemma [2.20,

lim tI‘(ak + B8+ a)

= lim t(ak =
k—oo Dok +B) hoo (ak +5) 0
Hence the Mittag-Leffler function converges for all o > 0.

3. THE SPECTRUM AND RESOLVENT OF 4, J¢

In this section, we explain the definition of the resolvent and its applications in Cy-
semigroupsﬂ We also explicitly calculate a closed form expression for the resolvent
of the fractional integral.

Definition 3.1. [Bat+11} Definition 2.22] Let A be a closed operator defined on
the linear subspace D (A) of a Banach space X. Then,

(i) The spectrum of A is the set:
o(A)={AeC| A - A:D(A) — X is not bijective}

(i) The resolvent set is the set:
p(A) ={ e C| AN —A:D(A) — X is bijective}

1) If X € p(A), then (A — A) is also injective, meaning that its algebraic
p

inverse (A\I — A)~! exists and is known as the resolvent of set A at point

A, denoted as:
R\ A) = (M — A)_1

(iv) The spectral radius of A is defined as:
r(A) = max{|A| | A € 0(4)}

We present a useful lemma for finding the spectrum:

Lemma 3.2. Let A be a bounded operator. Then,
_ 1 n|
r(4)= lim |47

We first provide method of computing the resolvent operator of a set:

Theorem 3.3. (Neumann series) Suppose A is an operator acting on Banach space
X and X\ € C is a number such that X € p(A) and |\| < 7(A). Then, the series

converges towards the resolvent operator R(A, A).

8For more details on resolvents, see [Smil5|.
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Finally, we cite an important theorem:

Theorem 3.4. (Hille-Yosida Theorem) [Rud91, Theorem 13.37] Let T be a uni-
formly continuous semigroup of type (M,w) with the infinitesimal generator A.
Then, for all A € R where A\ > w.

M

1RO A < 5= o

The proof in its entirety can be found in Section [7}

Given all of these results, we can begin studying the spectrum of the operator J¢
for a > 0.

Theorem 3.5. The spectrum of 5, J< is the set {0}.

Proof. First, we note that ,,J< is not injective. This is because for every g €

LP(xg,x1; X), there exists f such that ,,J2f = g only if g(zo) = 0.
Now, using Lemma and Theorem we find that

3=

lim 7(:81 — xo)o‘l
w5 [M(an + 1)]3

o an : (‘Tl — xo)an
" (ady) = T o J7 ||Lp (2o,ar:x) = M [F(om—i—l)

Using Stirling’s approximation, we find that

atl
. N a1 e E
(a0 J) = i (o1~ o) 2o + 1)) ()

ghm( c >=0
n—oo \ an + 1

Hence, the spectral radius of ,,J¢ is 0 and the series converges.

O
Remark 3.6. Notably, for fractional derivatives, the spectrum is unbounded. For
example, for the second derivative on functions with domain [z, x1], the spectrum
consists of the points —%nz forn € N.

Now we explicitly find the resolvent operator:

Theorem 3.7. For f € LP(I; X), and for A # 0,

R(A, 20 J3) fz) = i[ / 2 Lz —5)*) f(s)ds| ds.
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Proof. Because \ # 0, we can apply Theorem

« 1 = 1+ka
loJxR(/\a 10Jm)f(x):XZ:/\ ZOJQZ
153/’ A=) by
X & ka+1 568
o) 1d S [" Ak — s)ke
RN, 2,J7) )\d;/ Tmf(s)ds

We can consider the summation as integration over N with the counting measure.

/NX [zo,2]

Afk(x _ S)ka

Tha+1) 1)

— )™
dsty = [ At Fk Ty I @)lx ds

0 k=0

=/’EAA1u—s>Mvwmxm

Zo

IN

Eo (A (x — 20)°) /x £ ()|l x ds

Which is less than co by Lemma [2.2]
Hence, we can apply Fubini’s Theorem (|2.6]):

The last line resulting from applying Theorem

4. BOUNDEDNESS OF THE SEMIGROUP GENERATED BY THE FRACTIONAL
INTEGRAL

In this section, we will apply Theorem to determine an exact bound for the
size (operator norm) of the semigroup generated by the fractional integral, which
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we will define as:

o tk
— pT J‘St — ka
D(a,t) =ew0’s" = Zzon l
k=0
Lemma 4.1. Let
/ 6x "z —5)™) f(s)ds

Then the semigroup generated by J* is of type (1, w) iff for all X such that R(N)
we have

> w
PUED D
k=1

Proof. Suppose [|R (A, 4,J2)|| < x2=. Then,
n 1
(YR =

Mo B oo

x

Hence, it suffices to show that ||R (X, 4, J&)|| < =5

> w,

Now note that by the triangle inequality, | R (A Ja)|| < %(HIH + Al = %(14—

y ToYx

|lA|). Hence, it is sufficient to show that

1 1
—(1+|4]) <
S+ Al <
X
1 Al < ——
Al < £
A

Al < — -1
4] < 2=

w

>

I
NE
| & €

e
Il
—

We note a lemma for finding the norm of an operator:

Lemma 4.2. Suppose there exists an operator S € £ (LP(xg,x1; X)) such that for

f € LP(xg,x1; X) we find a.e. that if:

59 = [ gta=s)1(s)ds

Zo



ON THE SEMIGROUP GENERATED BY THE RL FRACTIONAL INTEGRAL 17

Then, for all 1 < p < oo,

xT1—Io
11| 2 (o100 < / l9(w)] duw

[ issns ]

Proof. First, consider the case 1 < p < 0o. Set w =2 —s:
1 D %
/ d:zc]
o X
[ [ T p %
[ st sinss ] ae]
LS zo To

/ U lg()|IIf (@ = w)l|x dwr dJ %

/ " gl — 5)/(s) ds

0

IN

IN

Now set x = r + xq:
1

[/ 151 dxf’ <\ s sz w)||xdw]p o] ’

We then apply Corollary (as p # o0) to the RHS:
1 % T1—To T1—2To %
s ] < [T gt [T W64 - g ar]
T 0

0 w

Notice that r 4+ x¢g — s ranges from zy to 1 — w. Hence,

[ e - ol dr]; <|/ 1) % dx];

w

giving us

[/ 1S F@)IE dx] < [ @ 1y

0

xr1—Io
= Lo eosmri) / lg(w)] duw
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Hence, by definition of the operator norm, we find

xT1—Io
151 2 (1)) < / l9(w)] duo

Now we consider the L case.

/ "l - 9)f(s) ds

X

< | gle—9)llf(s)lxds

Using Theorem we find

esssup [| f(s)| x

s€[zo,7]

4@l < | " g(@— )1 ()]x ds <

xo

/x:cg(x—s)ds

/ slw)du

/OHCO g(w) dw‘
< | T gl dw

Now we apply the substitution w = x — s:

/:g(x—s)ds

Hence we conclude

1S F ()]l x S/O  Jg(w)] dwesssup [1£(s)]1x

s€[xo,x]

esssup [|Sf(x)] x S/O - lg(w)|dw esssup |[f(s)l|x

x€[z0,71] x€[x0,21]
r—Io
1512 (1 (o)) < / lg(w)] duo

Which concludes our proof.
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We first find the norm of A:

Theorem 4.3.
HAHff(LP(rg,ml;X)) < Ea ()\_1("31 - xO)a) -1
for all 1 < p < oco.

Proof. From lemma [£.2] we find that

9
ow

xr1—xo
4l oo < Ea (3o — )% dw

Because F, is an increasing function, we find

Tr1—Xo a
||A||$(L”(m0,zl;X)) < /0 7Ea (A_l(l‘ — S)a) dw

Then we set appropriate bounds on w resultingly:

Theorem 4.4. Let ® be the semigroup generated by the operator ,,JS. Then, for
all LP spaces where 1 < p < 0o, ® is a type (1,w) semigroup for all

(z1 — 20)”
MNa+1)

that is,

(z1—z)®

||(I)(Oéﬂt)||$(Lp(wo,;c1;X)) <e Tl+h
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Proof. We apply the series definition on the norm of A as found above:

i AR (2 — o)
— I'(ak +1)

o (731 xo)"‘k

_ Z F(ak:+1

o (@1—m0)*F

. T'(ak+1)
- Z Ak

k=1

Ea ()\_1(%1 — xo)") —1=

YOk e\
Which means ® is of type w as long as wh > &2 — ;> (@1220)% £, 5))

= "T(ak+1) = F%(ak+1)
integer k > 1.

The denominator is not constant, and we wish to minimise it to get a lower bound
on w. Consider the log of the function

logT'(ak + 1)
k

Define f(ak) =logT'(ak + 1). Then we take the derivative:

log F%(ak +1)=

d flak) _ akf'(ak) — f(ak)

dk k k2

Consider the numerator. Recall that the Gamma function is log-convex, so f is
convex and b > a = f'(b) > f’(a). Hence, by Mean Value Theorem

flak) = £0) _ flak) _ s g
LI LE (o) < f'(ak)

Where ¢ € (0, ak). Therefore, akf'(ak) > f(ak), so @ is an increasing function
and minimised at k = 1. Therefore, as log is monotone, F%(ak + 1) is minimised
at k = 1, where it is equal to I'(aw + 1).

(z1—20)"

Hence, for w > NCESY)

, we have

oo

(.U [}
Z —k > E, (A (21 — o) ) = 12> || Al 2(zr(zo.21:x))
k=1

which by Lemma implies @ is of type (1,w).
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Remark 4.5. Here, we demonstrated a method of computing the type of T in
general.

Since it is now known that ® is a strongly continuous semigroup of type (1,w),
this means that it also fits into another classification of one-parameter semigroups,
known as quasi-contraction semigroups, which we will now use to determine an
alternative bound for the semigroup we are investigating.

Definition 4.6. [Rud91, Theorem 2.15, Definition 13.1] An operator A: X — Y
is closed if its graph (the set {x,Ax | x € X}) is a closed subset of X x Y. For
Banach spaces, an operator is closed iff it is continuous.

Definition 4.7. |B&t+11, Proposition 6.2] An operator A is closable if it has an
extension that is closed. |Z| Furthermore, the smallest possible extension of A is
called the closure of A and is denoted as A.

Lemma 4.8. An operator A is closed iff for every sequence of functions f, € D (A)
such that f,, — 0, Af, — 0.

Theorem 4.9. [Bey07, Theorem 5.7] (Lumer-Phillips theorem) Suppose that an
operator A is closable. Then, A generates a strongly continuous semigroup T on
X such that the following exponential bound is satisfied:

IT#®)]x < e

if and only if A is quasi-accretiveﬁ with bound —w and Ran(A — ) is dense in X,
for some X € (—oo, —w). In this case, the semigroup T is called quasi-contractive.

Theorem 4.10. [Bey07, Theorem 5.10] Suppose that an operator A is closed and
is the infinitesimal generator of a strongly continuous quasi-contraction semigroup
T :D(A) — X. Then, the following inequality holds for all f € D(A) and some
a€0,1), b€[0,00):

ITf]l < al Afl + bll.f]

Theorem 4.11. For 1 < p < oo and some a € [0,1), b € [0,00), we have for all
t>0
a(xy — x9)“
P(a,t " . < ———+4b
(e, )l 2(Lp(2,21:%)) < T(a+1) +

Proof. By theorem it is known that the set of smooth functions with f(z) =0
form a dense subset of LP(xq, z1; X). Furthermore, since it is now known that ,,J%
generates a strongly continuous quasi-contraction semigroup, by theorem [£.10] we

7An operator B is an extension of A if D (A) C D (B) and B lpay= A.
8An operator A is said to be quasi-accretive with bound a if and only if || (A4 A)f|| > |A—al|| f||
for all A € [0,00) and f € D (A).
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can set ,,JS as the closure of a certain operator A. Then, by definition of the
closure of A, it is obvious that, for all f € D (A):

Af = woJ;llf
which, when inserted into the inequality from theorem m gives for all f € D(A)
H(I)(O‘7t)fo(LP(xo,m;X)) < G’HZFOJQ(:XfHLP(IO,ZEﬁX) + b”fHLP(zo,m;X)

Thus, by definition of the operator norm and the boundedness of the fractional
integral (theorem [2.18)), we obtain

a(zy — zg)®
@@ Dl z@e@omixn < Tpa)~ 0

Corollary 4.12. , J& generates a semigroup of type (M, 0).

Proof. Consider, for a > 0,

(w—wo)tt (-
Sfla+l) = F(a—i(—)2) _(a+1)1“?oz+1)

(xl _ xo)oz )a+1

It is clear that under this definition,

[® (v, )| 2 (Lr (wo,a15x)) < amax{f(a)} +b

The f(a) > fla+1)iff 21 —2z9g < a4+ 1= a >z —x0 — 1, and conversely the
fla+1) is larger iff @ + 1 < x1 — xg. Hence, we conclude that f(«) is largest at
some « € (1 —xo — 1,21 — x0).

Suppose 1 — zg > 1. We ﬁn(ﬂ

fle < g

If 1 — g < 1, then

flo) < 1

In all cases, we find that f(«) is bounded. Because a,b does not vary with ¢, we
find that ,,J% must be bounded.

To“Yx

O

We will now introduce another classification of one-parameter semigroups, known
as analytic semigroups, which we will then apply to determine the continuity and
analytic properties of the semigroup generated by the fractional integral.

9See Remark for the definition of T';,.
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5. WELL-BEHAVEDNESS OF THE SEMIGROUP GENERATED BY ., J¢
In this section, we discuss the convergence properties of T'(a,t) == e’ “t. We first
discuss how the operator varies with t.
Definition 5.1. [Bat+11, Definition 9.1] For 6 € (O, g], consider the sector
Yy = {z € C\{0} | |arg(2)| < 6}

Then, an operator T : g U{0} — £(X) is an analytic semigroup of angle 0 if the
following conditions are satisfied:

(i) T :X9g — ZL(X) is holomorphic.
(i) Vz,w € ¥y, the identities below hold
T(2)T(w) =T(z+w)

and
T0)=1

(iii) For all 0’ € (0,0) and f € X we have
lim T(2)f = f
ZEEG/
(iv) If for all 0" € (0,0) we find that
sup i T
sup_lim IT(2)|| < o0
then we say that T is a bounded linear semigroup.
The generator, A, of the analytic semigroup T is defined to be the same generator

as in the restriction T : [0,00) = Z(X).

In particular, semigroups generated by bounded linear operators A are examples
of analytic semigroups.

Theorem 5.2. Let A be a bounded linear operator and define

T(z) = e = i A

Then, T is an analytic semigroup with 0 = 7.

Proof. First, note that

ZA™
n!

‘ < i (=[l1AlD™ _ ol=llAl

- n!

n=0

Hence, ZZO:O z nf‘ converges and Merten’s Theorem applies.
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We next show that the semigroup property continues to hold for z,w € .

O AT 2T AT
z w’ A
eerwA — E ' 2 :
n.
i=0 §=0

!
o y

_g; (Z+7:,)

_ (s Hw)A

Next, we show lim, o [|T(z) — I|| = 0.

Consider any € > 0. Let § = min (2|i4” ) m) Suppose |z| < 8. Then, |z]|| 4| < 1
and

nz_oz’;;l" gl - g'z:ﬁln
<[5
B i (ellAl:
<3 el
n=1
<AL oy <
n=1

Hence lim, o [|T(2) — I|| = 0, so lim,_o [|T(2)f — f|| = 0 for any f € £ (X) and
lim, ,0T(2)f = f.

Finally, we prove that T"(z) exists for z € ¥y, implying T is holomorphic over ¥y.
First, we find by the semigroup property that

lim M =T(z) lim
h—0 h h—0

T(h) - I
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Since T'(z) is bounded, it suffices to show that limy_q % is convergent. We

claim that this limit is equal to A.

Consider any € > 0. Let 6 = min ( AT ﬁ) Then, if |h| < 4,

ZOO h’VLA’VL
— ||&n=l_nl Yy
h

oohnflAn
- ZT’A

n=1

h"A™
-1
HZn 0 n! _A

> hnAn+1
>
< (n+1)!

> hnAn+1
B Z (n+1)!

n=1

oo

h’IL ATL

IN

|h Al

(n+1)!

h|||A
<141 Z 3 14
n=1

< [AllIpIIAll < e

Hence we conclude that T'(z) is holomorphic and T"(z) = T'(z)A.
t

Hence, this ensures that, by extending ¢ to complex numbers, ®(«, t) is an analytic
semigroup of angle 7.

Furthermore, we can extend the argument in theorem and corollary to
show that that ®(«,z) when extended to z € X = is bounded, showing that ® is a
bounded analytic semigroup.

Remark 5.3. Weaker conditions, such as strong continuity or local Lipschitz con-
tinuity for any § < |z|, easily follow from the fact that a semigroup T is analytic.
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We also note a simple corollary:

Corollary 5.4. Let K be an integer with real part > 0. Let S(z) = T'(«, Kz), where

T is an analytic semigroup. Then S too is an analytic semigroup with 6 = 5.

Proof. First, if R(z) > 0, then R(Kz) > 0, so S(z) is well defined. Also, S(z)S(w) =
T(a, K2)T(o, Kw) = T(a, K(z + w)) = S(z + w). We have lim,_,0S5(z) =
lim, 0 T(c, Kz) = T(a,lim, o Kz) = I by analyticity of T w.r.t. ¢, and fi-
nally we have S’(z) = K%T(a, z) = KJ*T(«, 2z) by chain rule. Hence, S(z) is a
semigroup. O

The analyticity of the semigroup 7' is useful for showing that the solutions to PDEs
involving ,,J¢ are well-behaved. For example,

Theorem 5.5. [RR04, Theorem 12.44] Consider the inhomogeneous ODE

U(t) =z KJ3 u(t) + f(t),u(0) = uo

Where R(K) > 0. Then, u(t) and 5, JSu(t) are 6-Holder continuous for any 0 <
0 <1.

We can also prove stronger results on its boundedness. For example,

Theorem 5.6. |Bat+11, Proposition 9.17] As 5, J generates a bounded analytic
semigroup, we find

Sup ||tz Jo @(a, )] < 0o
>0

Next, we talk about the properties of ® w.r.t. «. Because J“ does not form a
uniformly continuous semigroup, we are unable to make conditions that are as
strong. However, we note the following:

Theorem 5.7. For a > 0 and 1 < p < oo, ®(q, 2) is Lipschitz-continuous. That
is, there exist 6, M > 0 such that

a1,02 € (0 — §,a+0) = [®(a1, 2) — (az, 2)| < Mas — sl

Proof. WLOG let ay < ag. The series representation of ®(ay, z), ®(a2, z) converge
absolutely in the norm topology. Hence a.e. we can write
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[ (ar, 2) f(x) —‘P(az,Z) ()]l x

T — S nocl 1 ({E _ S)nazfl
R e e FICLE )
oo ‘Z|TL (!,l? _ S)noq—l ((E _ S)naz—l
: nz::l b /m T(na1)  T(nag) I1£(s)llx ds

Note that
9 (x—s)"1  w(logw —(B))

NG I'(3)

Hence, by mean value theorem,

[ (ar, 2) f(2) = B(az, 2) ()] x

LS B e gl =) —nal)]
_Z /960 P(na’) | 2 l‘f( )d

For some o’ € (a1, a2) C (o — §, ¢ + 0).

Consider the case x1 — x¢g > 1. Using lemma [£.2] we find for 1 < p < oo:

[® (a1, 2) — (a2, 2) || 2(Lr (20,21,x))
o n T1—T0 na'fll _ ’
G g,

(n—1)! L(na’)

n=1

[®(a1,2) — ®(az, 2)||.2(Lr (20,21, %))
P (@m0 (¢h(n(a 4 8)) — logw)

S
< |ag — d
< laz a1|z (n—1)! L(na’) v

P e g yel)
+ |z —041|Z : T(na’) dw
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Consider the first sum. We can rewrite as

Pk w1y (n(a — 6)) Lwne’ —1ogw
z_: n—1)! [/ I'(na’) _/0 r,, ] dw

(:O Y(n(a+0)) 1
2:: n—l [ (a—9) +(a—6)2}

Because « > 4, the integrals converge. From Lemma Y(n((a+90))) ~Inn+
In(a + §). The ratio of consecutive terms is

\z\”+1 In(n+1)+In(a+9) 1
T, [ (a—0) + (a75)2j| B M (a=0)(In(n+1)+In(a+4))+1

z|" In n+In(a+6 B — N(1 1 ) 1
rm‘(imz[ G+ a)z} n (a=d)(nn+in(at0))+

We can clearly see that the left fraction converges to 0 as n approaches infinity.
Furthermore, we find asymptotically (o — d)(In(n + 1) + In(ae 4+ 9)) + 1 ~ (o —
NInn+In(a+6))+1+ O‘Tf‘;, so the right fraction converges to 1. Hence, by the
ratio test, the first sum converges to a finite number that we shall label K.

Now consider the second sum:

n  [pT1—=To no/fll _ ’
\z|/ Jlogw — v(na’)]

T'(na')

For large enough n, we know that ¢ (n(a — J)) < log(x — s). Hence, |logw —
P(na’)| < Y(n(a—9)) for large enough n. Hence, for large enough n, the nth term
is at most

2" /zlimo w' T lp(na’) 2" (21— 20)" D (n(a + 9))
1 I(

n! na’) S Tar F'(n(a—19)+1)

The ratio of consecutive terms as n — oo is

2" (1 —20) MDD g ((n41) (a+6))
DI (1) (a—0)+1)

i 2" (1 —20) "D p(n(atd))
n!l'(n(a—4d)+1)
oy Pl 20)**  D(n(a—6)+1) Y(n(a—0)+1)

=00 (n+1) T((n+1)(a=38)+1)Y((n+1)(a—08)+1)
_ i 2l =20
=0

(n(a—8) + 1)@+ .1
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Hence, by ratio test, the second sum also converges. Say it converges to L.

We find

|P(ay, 2) — P(ag, 2)|| < |ag —az|(K+ L) = M|ay — as
If 21 — 29 <1, we take K = M with the same «.

Hence, there exists M,d > 0 satisfying the properties, and ®(«,z) is locally
Lipschitz-continuous. ([

Remark 5.8. We note that the only condition on  we have defined is that it is
smaller than o. Then, M is a function of §.

We can also prove strong continuity w.r.t. a:

Theorem 5.9. For every a > 0, f € LP(xg,21; X), we find

lim |9 (a+ 1, 2) = @(0, ) | (eo.001x) = 0

Proof. Local Lipschitz continuity for a > 0 implies strong continuity for o > 0
(Suppose M, ¢’ satisfy the local Lipschitz condition. For every € > 0, just set
6 = min {ﬁ,é'}). Hence, we only need to check @ = 0, i.e. show that for every ¢,
there exists § such that

i {|D(h, 2).f = € Fll oo ,e0x) = 0
Recall that J¢ is known to be uniformly continuous. Hence, for every ¢, there
exists a dg such that
0<h< 50 = ||(I)(h, Z)f — ezf||Lp(x07x1;X) < é€p

ce” 17l
2[[fllLp (zg.zy:x)

be the smallest integer such that

Now let ¢g = and set § correspondingly. If 1 — zg > 1, then let k

|Z|k( 2|21 —o—1] ee !
R P L
k! 201 fll e (zo,21:%)

Otherwise, let k be the smallest integer such that

2 <1 ¥ ) e
k! T — g 2/ fllLr (2o 21 %)
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%
(This is possible as % is a decreasing function that approaches 0 as k — 00.) Let

5—m1n{k,k

Then, we have:

”(I)(h Z)f - ezf”Lp(JJo,wuX)

Z n Z n
Z‘ a2 = Flaoes sz' a2 = Fllntaommn

\Z|" 21" n ="
Z n — €+ Z ”IOJ thLp(ﬂﬂo z1;X Z ||fHLP(r0,x1 ;X)

<etleo+ 'n, F;x)ﬂfﬂmuo,mw 1 9i=
<eltlgy + |z| (21 ;!xo)hk ! i 2] (21 — mo)")" TP
P
= & O T im0 ) + B sl
T AL

If 1 — g > 1, then because hk < 1,

Zk — 2|[(z1—20)" —
‘ | ||f||LP($0 th)eI I( +(£E1—x0)hk 16‘ |[( 1 0) 1])

N ™

< %\|f||mm,m>e'2' (1 + el <

Otherwise,

\Z|k el?l hk—1|z|[(z1—z0)" —1]
o€ (14 (01— a0)" e )

\ZI £

1Sl o el™ (14 (@1 = 20)~e) < 2

[\

In either case, we find

. e ¢
||(I>(h,2’)f —€ f”LT’(wo,am;X) < 5 + 5 =€

which concludes the proof.
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We can additionally consider ® as taking an input from («, z) € Rg x Cy as a vector
equipped with the Euclidean norm, and consider properties w.r.t. these. It turns
out that we can extend our prior result on strong continuity forward.

Theorem 5.10. For f € LP(xg,x1; X), (o, 2), € Ry x Cy, for alle > 0, there exists
0 > 0 such that
(of,2") € RgxCp,0 < ||[(', 2")—(a, 2)|| <0 = |®(,2") f=P(cv, 2) fl| L (20 ,015x) < €

Proof. By local Lipschitz continuity, we know that there exists 0 < §/, such that if
o/ — ] < §7,, then

HCI)(O/v Z/)f - q)(aa Zl)fHLP(Io,zl;X) < M|O/ - CY|

Now set 8 = min {55, 4, }.

Furthermore, by the analytic properties of ®, we find for all ¢ > 0, there exists
0, > 0 such that

|®(c,2") f — ®(c, 2) fl| L (w0,00:x) <

N ™

Next, set § = min {d,,d,}. We find that |o/ — «, |2’ — z| < . Then

||(b(0/7 Z/)f - (I)(aa Z)f”LP(zo,xl;X)
< H(I)(O/v Z/)f - (I)(Oé, Z,)f”Lp(xo,xl;X) + ||(b(017 Z/)f - (I)(Oé, Z)f”Lp(wo,ml;X)

cSLE L
275~ °¢
Which concludes the proof. O

6. CONCLUSION

In this paper, we have defined the semigroup generated by the fractional integral
® and determined some of its important properties, primarily through the use of
the theory of one-parameter semigroups. In section 3, we were able to explicitly
calculate a closed form expression of the resolvent of the fractional integral, which
then paved the way for section 4, where we then determined the exponential bound
of @, noticing that it was a strongly continuous semigroup of type (1, w). This then
enabled us to realise that the fractional integral is the infinitesimal generator of a
strongly continuous quasi-contraction semigroup, allowing us to then show @ is of
type (M,0). We then moved onto section 5, whereby we demonstrated that, by
extending ¢ to complex numbers, ® is a bounded analytical semigroup of angle 7,
which allowed us to then show the well-behavedness of ® in the form of Lipschitz
continuity and strong continuity, with respect to «, t as well as both.
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7. APPENDIX

Theorem 7.1. [Bat+11] Let X be a Banach space and A be a closed linear oper-
atoﬂ with domain D (A) C X. Then each of the following hold:

(i) The resolvent set p(A) is open, which implies that its complement o(A) is
closed.
(i) For A € p(A), the mapping
A R\, A)
is complex differentiable and Vn € N,

qn
- — (—1\"n! n+1
v R\ A) = (—1)"n!R()\, A)

Theorem 7.2. [Bat+11] Let T be a uniformly continuous semigroup with the
generator A. Then YA € C and t <0,

e MT()f — f = (A — AT /O e MT(s)f ds

Proof. Tt can easily shown that e *'T'(¢) is also a uniformly continuous semigroup
with the generator (A — AI) as, by Definition 1.8:

ef)\tT(t) _ efAteAt — e(Af)\I)t
Thus, by part (i) of Theorem [2.16]

e MT@)f — f=(A—\) /t e T (s)f ds
0
O

Theorem 7.3. |Bét+11] Let T be a uniformly continuous semigroup of type (M, w)
with the infinitesimal generator A. Then the following hold, given R(\) > w:

(i) Vf € X and ) € C,
R\A)f = e T (s)f ds
0
(ii) Vfe X, e C andn €N,
1

RO AN = (n—1)!

/ s"LeT T (s) f ds
0

(i4i) (Hille-Yosida Theorem) VA € R,

1RO AP € 5o

10A linear operator A is closed if its domain D(A) is complete with respect to the graph norm

[1Flla = IFI+ [AS]], for f € D (A).
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Proof. From Theorem [7.2] we have that:

e MNT)f — f=(A—\) /O e MT(s)f ds

tlirglo(efAtT(t)f —f)=(A-X) /000 e MT(s)f ds

Since it is given that A > w, the first term in the limit tends to 0 as t — co and we
have,

—f:(A—)\I)/OOOe)‘ST(s)de

L f=0I—A) /Ooo e T (s)f ds

= RN\A)f=M\—A)"1T)\ - A)/O e T (s)f ds

= /Oo e MT(s)f ds
0

Thus, (i) is proved. Now, notice that, by rearranging the identity in part (ii) of
Theorem and by Theorem as well as part (i) of this theorem, we have

RO\ A)"f =

(

(_l)n—l 0o an—l
(n—=11J, oar-t
(
(

-— /Oo(—l)”_lsn_le_)‘sT(s)f ds
0

(€T (s)f) ds

= (=] /0 s e T (s) f ds

Hence, we have shown that part (ii) holds. Finally, we can prove part (iii) we can
apply part (ii) of Lemma 1.4 and part (ii) of this theorem to form the following
inequality:

1 > — —AS ws
IRO AP < g [ e e ) as

< MHf” / Snfle(wf)\)s ds
(n—=1)!Jo

Now notice that the integral on right hand side of the last inequality is actually
the Laplace transform of s"~1, given by

-1
L n—1 A\ — — (n
R R T
By substituting this into our inequality, we obtain,
M
1RO A)" fIl < ~——5 /1]

G —w)
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M
= [[RANAY < ——r
IROA) < 5=
which concludes the proof for the Hille-Yosida Theorem. ([
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