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ABSTRACT. This paper investigates discrete-time Markov chains on non-negative
integers whose transition probabilities are derived from the recurrence rela-
tion of ultraspherical polynomials. Generalizing prior single-time convergence
results, our first main result is to establish the full weak convergence of the
diffusively rescaled chains to a Bessel process of dimension d = 2a + 2. The
proof shows the tightness of the process sequence and the convergence of its
finite-dimensional distributions. As a key application of this process-level con-
vergence, our second main result shows that the rescaled first exit time of the
chain from an interval converges in law to the corresponding exit time of the
limiting Bessel process.
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1. INTRODUCTION

In this paper, we are interested in a class of Markov chains (X,,)nen, associated with
ultraspherical polynomials (also known as Gegenbauer polynomials). Ultraspheri-
cal polynomials had been a frequent interest of research. ([Dil24], [SB13], [Doh02],
etc.) polynomials play a role which is analogous to the role played by Legendre
polynomials in the theory of the familiar three-dimensional spherical harmonics
[AveR89]. These Markov chains with values in N were notably studied by Claude
George [Geo7h]. We discover that, these chains, when properly renormalized, con-
verge in law to Bessel processes, which generalizes a result by George. By definition
of ultraspherical chains, | X,,+1 — X,,| = 1. It has been established that the law of
O(p) is closely related to the exit time from an interval:

Ty, = inf{n > 0, X,, = b or c}.

Naturally, this led to the study of hitting times and exit times from intervals. In
particular, their Laplace transform and their first two moments were determined.
From these, the Laplace transform and the first moment of 6(p), the first time at
which the range reaches level p, were deduced.

The study of scaling limits, wherein discrete stochastic processes are shown to
converge to continuous ones under a suitable rescaling of space and time, is a cor-
nerstone of modern probability theory. A canonical example is Donsker’s theorem
(see [NWE&I]), which establishes the convergence of a simple random walk to Brow-
nian motion. This paper investigates a similar, discrete-to-continuous bridge for a
special class of random walks whose behavior is intimately governed by the theory
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of special functions.

We focus on the ultraspherical Markov chains, (X} )n>0, a family of nearest-neighbor
random walks on the non-negative integers Ny parameterized by an index o > —1.
Their transition probabilities are derived directly from the three-term recurrence
relation of ultraspherical polynomials:

n n+2a+1
- " and P° )= prear”
mit 21 0 () = o a1

These chains were notably studied by Claude George [Geo75], who established that
the distribution of the chain’s position at a single large time, X35/ VN , converges
to a law determined by a Bessel process. The primary contribution of this work is
to generalize this result from a single-time convergence to a full weak convergence
at the process level. To this end, we define a sequence of continuous-time processes
by linearly interpolating the rescaled discrete chain:

PYn,n—1) for n > 1.

Xgny . k

can_ | 2P =g

C ) Xy 2t — (27 (o xo NGNS
on/2 on/2 ( [2nt]+1 ~ L2”tJ) Wte\on —n )

Our first main result, proven in Section [3] establishes that this sequence of random
paths converges in law to a Bessel process in the space of continuous functions.

Theorem A (Theorem . The sequence of processes ()A(ta’")tzo, starting from
X5 = 0, converges in distribution in the space C([0,00),R) to the Bessel process
of dimension d = 2« + 2, starting from 0.

This theorem establishes that the ultraspherical chain is a robust discrete model
for the Bessel process. It encapsulates not just its marginal distributions but its
complete path-wise dynamics. The proof proceeds via a two-step approach: es-
tablishing the tightness of the sequence (X' *™) and proving the convergence of its
finite-dimensional distributions.

A significant consequence of process-level convergence is that continuous functionals
of the discrete process should converge to the same functionals of the limit process.
In Section 4] we explore this by studying first passage times. For a chain X"
starting at X" = 2"a, we consider its first exit time from the scaled interval
[2"¢,2"b], denoted by T,;". Our second main result shows that this discrete exit
time, under diffusive scaling, converges in law to the exit time of the limiting Bessel
process.

Theorem B (Theorem . Let ¢ < a < b be three dyadic numbers and let Tgb
be the first exit time from the interval [c,b] for a Bessel process R starting at a.
Then, under the diffusive scaling, the discrete exit time converges in law to the



6 LI SIU MAN

continuous one:

a,n
c,b L = o
Tc,b'

221 psoo

The proof of this theorem relies on a different set of techniques, centered on con-
structing martingales from the special functions that define the chain. By applying
the Optional Stopping Theorem, we derive an explicit expression for the Laplace
transform of the discrete exit time. The convergence is then established by showing
that this expression converges to the known Laplace transform of the Bessel exit
time.

The paper is organized as follows. Section |2 provides essential preliminaries on
ultraspherical polynomials and Legendre functions, establishing the key analytic
and asymptotic properties required for our analysis. In Section [3| we formally
define the ultraspherical Markov chain and present the proof of our main result: the
weak convergence of the rescaled chain to a Bessel process. Section [d]is dedicated
to the study of first passage times; we derive their Laplace transforms and prove
their convergence to the corresponding hitting and exit times of the Bessel process.
Finally, the appendices contain proofs of certain results used throughout the paper.

2. PRELIMINARIES OF ULTRASPHERICAL POLYNOMIALS AND LEGENDRE
FUNCTIONS

In the study of Markov chains associated with ultraspherical polynomials (see for
example [Ken60], [Boc56l, etc.), we have to shed light on ultraspherical polynomials
and Legendre functions. In this section, we recall the main results relating to these
two classes of functions. We have also established some additional convergence
properties that will be useful in the rest of the paper. On top of that, we briefly
introduce some basic facts about Bessel processes.

2.1. Ultraspherical polynomials. Let o be a real number and that o > —1.
Consider on the interval [—1, 1] the measure defined by

(2.1) dp® = (1- xz)o‘]l[_m] (z)dz.
We have the following definition:

Definition 2.1. The ultraspherical polynomials of index o form a family of or-

thogonal polynomials for the measure u®. They are given by the following equation:
(~1)" s d” o

2.2 (x) = 1-— ¥—— (1 =)

22) = e D) g )

2.1.1. Basic properties. We revisit some basic properties of ultraspherical poly-
nomials. One may refer to, for instance, [Fai24] for details. The ultraspherical
polynomials Q5 satisfy the following properties:

e Q7(x) is a polynomial of degree n.

e Qf(x)=1.
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.« Qi(x) =2,
e Q%(1) =1.
. Qi(-2) = (-1)" Q2 ().
The supremum of Q% (x) on [—1, 1] is given by

. 1
=1, ifa>—=,

(2.3) sup @y (z)

.’EE[—l,l] ~ n71/27o¢’ if < 75
Then the polynomials satisfy the following orthogonality relation:

1 0, if n # m,
2.4 o c(x)dp“(z)=<¢ 1
(24) [ @wemarm=1 T

n

where wy, is defined as

W 2n+2a+1)T(n+2a+1)
" 2204 (D(a+1))2T(n+1)
The product of Qf(z) and Q (x) is given by:

n n+2a+1
(2.5) Q1 (2)Qy (z) = mrratl n-1(z) + mr2atl ().
This formula is of crucial importance for constructing Markov chains associated
with ultraspherical polynomials. Refer to [Car61] for a more general formula for
multiplications between two ultraspherical polynomials. Moreover, we note the
derivative of Q) (z) given by: [SzeT5]

n(n +2a+1)

(26) Qe = o),

2.1.2. Properties and Asymptotic Behavior of Q5 (x). Here, we prove and recall
some functional and asymptotic properties of Q% (-). These properties lay the
groundwork of the relevant computations.

Proposition 2.2. For any fized n, the function x — Q5 (x) is increasing on [1,00).
In particular,

Qnlx) =1,
for alln,x > 1.

Proof. We prove this result by induction on n. For n = 0, the function Qf (x)
is constant, it is trivially increasing (monotonically) for « > —1. Now, assume
that for some n > 0, Q,_,(x) is increasing for all & > —1 and x > 1. Using the
recurrence relation (Equation and the derivative formula (Equation for
Q% (x), we compute

n(n+2a+1)

d «a _ «
@Qn(x) = WQnﬂ(fU)
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By the inductive hypothesis, Q%*1(z) is increasing for all o > —1. Since

nn+2a+1)

ar1)

d

for a > —1, it follows that d—Qg(:c) > 0. Thus, Qi (x) is increasing for all @ > —1
x

and x > 1. O

Proposition 2.3. For x > 1, the sequence {Q%(x)}, is increasing.

Proof. We will prove this statement by mathematical induction on n again. For
n =0, we have Qf (z) = 1, and by definition, Qf (x) = z. Clearly, for z > 1:

Qf(x) =2 > Qf(z) = 1.
Assume that for all z > 1,
Qi (z) 2 Q) (2).
From the recurrence relation (Equation , we have
n+1 n+2a+2

T/Qnﬂ(f) = an(fU) M+ 2013 n+2( ).
Notice also
o 2n+2a+3 n+1 o
n+2( T) = m n+1( T) — an(x).

By the inductive assumption, Qf,(z) > Q% (x) for all z > 1. Since > 1 and the
coeflicients in the recurrence relation are positive, it follows that:

ng(ﬂ«") > Q%H(CU)-

The following convergences will prove useful in the proceeding sections:

Corollary 2.4. [Sze75, Theorem 8.1.1] For any point z in the complex plane,

Qo (1 - 2”;) ——T(a+1) (g)ﬂ Ja(2),

o z z\ @
Q5 (cos E) — MNa+1) <§> Ja(2),
where Jo(2) is the Bessel function:
2%k
e S
= KT(k+a+1)

These convergences are uniform on any compact subset of the complex plane.
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2.2. The Legendre functions. We start by considering the second-order differ-
ential equation:

(2.7) (1 2)d2w 9, dw (n+1) o’ 0
. —2%) = — 22— n(n -— =
dz? dz 1—22 v ’

where o and n are real constants. The differential equation is called the general
Legendre equation. Let us recall the definition of hypergeometric functions:

Definition 2.5. For a,b,c € R, |z| <1, b >0, and ¢ — b > 0, the hypergeometric
function F is defined as:

1
F(a,b;c;z) = 71_‘(1))1_‘(0 _— /0 (1 — )77 (1 — tz) "t

Definition 2.6. We now define the following functions: (refer to Equations 8.1.2
and 8.1.8 from [AS65])

(2.8) PO(z) = ﬁ (ji)F (—n,n+1;1—a; 1;2) D -zl <2,
and
(2.9)
On(z) = em”Q_"_lﬂéw,z_"_a_l(zQ —-1)*
(2.10) F(;nJr;a+;,;n+;a+1;n+i;;>, |z| > 1.

Here, P, and Q) represent two independent solutions of the original differential
equation (2.7), commonly referred to as the Legendre functions of the first and
second kind, respectively. We will explore the asymptotic properties of the solution

Q-

Remark 2.7. When o = 0, the Legendre functions reduce to the well-known Le-
gendre polynomials. We note two relations that will be useful for transitioning
between cases where o > 0 and a < 0:

(2.11) Po(a) = M (P - %sm(m)gg(:ﬁ)),
and

—« —2ia7rr(n —a+ 1) ey
(2.12) Q. %x)=e Qo (x).

F'n+a+1)



10 LI STU MAN
We note the following well-established results:

Theorem 2.8. [AS65, Equation 8.5.2, Equation 8.5.4] The following derivative
formulas hold:

(213) (2~ 1)L 03() = (n0)(n+a— 1)~ DI (2) a2 Q3 (:).

Qe

(2.14) (22 —1) ©

(2) = n2Q5(2) — (@ +n)Q5_1(2).
Theorem 2.9. [AS65, Equation 8.8.2] For z € C\ (—o0, —1], a > 0, we have the

following integral representation formula:
(2.15)

‘ —a Yoo n+a+1
Qa(s) m e 2Vt at D) (2 ) / L (sinh £)2dt.
Fla+3)I'(n—a+1) 0 z+4 (22 —1)2 cosht

Proposition 2.10. [AS65, Equation 9.6.50] For all z € C and xz € R, we have

(2.16) n=%e QY (cosh (%)) — Ka(2);

n—oo

where K, is the modified Bessel function of the second kind, defined as
m1_o(2) — Ia(2)

K P
o() 2 sin o
where
— . - 1 z e

Let us denote arcosh as the inverse of the hyperbolic function cosh. For any = > 1,
the inverse function arcosh(z) is given by

arcosh(z) =In (z + V22 — 1).

Corollary 2.11.

. @2
lim n - arcosh (e 2n2 ) =z.
n—oo

Proof. The proof is very elementary. We begin by recalling the expansion of
arcosh(1 + u) for small u > 0:

arcosh(l +u) ~ v2u, asu— 0.

2

2 1
Substitute €2+2 =1+ — + O | — | into arcosh:
2n2 n4

2 2 x
arcosh (e2n? | ~ 4/ — = —, asn — oo.
n?2 n

Then the result is apparent. (I
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Lemma 2.12. For any bounded interval (a,b) C RY, for all x € (a,b) and all
n > 1, we have

01 (s 2) - 25 (1) | - 00,

Proof. We consider two cases, namely « > 0 and a < 0.
Case 1: o > 0. For a > 0, the integral representation of Q¢ (z) is given by

Equation (2.15)):

(2.17)

—a %) n+a+1
Q2(z) = ¢ime 2Vl ot 1))(22—1)a/2/ (H( ! ) (sinh £)2d.
0

Fla+Hl(n—a+1 22 —1)1/2cosht

Set z = cosh(z/n), so 2> — 1 = sinh?(x/n), and (2% — 1)*/? = sinh®(z/n). The

denominator is:

cosh(z/n) + cosh ¢ sinh(z/n)
cosh tsinh(z/n)

For z € (a,b), since cosh and sinh are increasing, we have:

2+(22=1)"/2 cosh t = cosh L ysinh L cosht = coshtsinh .
n n n

.. a .. .. b a T b
sinh — < sinh — < sinh —, cosh — < cosh — < cosh —.
n n n n n n

The integrand’s denominator satisfies
x x a a
cosh — + sinh — cosh ¢ > cosh — + sinh — cosh ¢.
n n n n

Thus we have

|Q% (cosh(z/n))| < 270ymlinta+l)

Tla+3)l(n—a+1)

Tz [ 1 n+a+1
inh® = inh t)**dt.
i n/o (cosh(a/n)+sinh(a/n)cosht> (sinh?)

Since sinh(z/n) < sinh(b/n), we bound

Q8 (coshia/n)] < (S ) 198 (osh(a/n).

By the known convergence e~ "*n~*Q%(cosh(a/n)) = K4 (a), we have
n~ Q5 (cosh(a/n))| < C

for some constant Cy. As n — oo:
sinh(b/n) b/n b

sinh(a/n) n—e a/n  a

)

so, for some constant Cs,
b «
w |3 eoshia/m)l < (1) G <o
Case 2: For a < 0, use the relation:
I'n+a+1)

Qn(z) = m@ﬁa(z)~
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Stirling’s formula gives
P(n+a+1) 90

'n—a+1) ~
Since n~ ("% |Q-*(cosh(z/n))| < Cs for some constant Cs, we have
n=*|Q%(cosh(z/n))| = nam |9, *(cosh(z/n))| < Csn~*n>* = C3n® < Cy,

for some constant Cy, since n® is bounded for a < 0. Thus, n™%|Q5 (cosh(x/n))|
is bounded, i.e. there exists some constant C such that:

(2.18) n~ % Q% (cosh(z/n))| < C.

Define the sequence z,, as:
22
T, = n - arcosh (e 2n2) .

From Corollary 211} ,, converges to z. A partial expansion of the above equation
gives:

3

Ty — T~ —s.
12n2

Next, for z,y € (a,b), we find

‘Qn (cosh %) -9y (cosh %)‘ < ‘cosh% _ cosh%

sup
te(a,b)

t
(2) (cosh ) ‘ .

n
Using the continuity of cosh and the bound for |z — y|, this simplifies to

(%)) (cosh ;)

K
‘Qn (coshf) -9, (cosh g)‘ < — sup
n n N~ te(a,b)

Now, for z € (a,b) and y = x,, € (a,b), using the earlier expansion, we get

((@2) (cosh 2)

‘Qz (cosh%) - Qo (em)‘ < —; sup .

N~ te(a,b)

Here, K is independent of n. Using Equations and the bound n~*|Q%(cosh(z/n))| <
C, we find that there exist constants K7, Ko, and K3 (all independent of n) such

that
d t ot t o[t
—5 sup — Q[ cosh— || < K; sup |9, cosh— ||+ Ky sup Q) | —
n? te(ap) |dz n te(ab) n te(ab) n
d @ t a+3
sup | —Q5 | cosh— || < K3n .
t€(a,b] dz n

Finally, combining the inequalities, we obtain the sought result:

(2.19) n=“|Qy (cosh %) -y (6;%)' < Kyn~ 7
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for some constant Kj. O

Proposition 2.13. We have the following convergence:

. 22
(2.20) n= e Qy (67) —— Ka(x),

n—oo

Proof. Obviously, by the parity of the functions 2 ~ cosh(z), z + 22, and 2
K, (z), it suffices to prove the result for x > 0. For = € (a,b) C RT, consider the
difference

’n agrimaga (ezw ) — Ka(x)‘ < ‘n’ae*imQﬁ (65722) —n e (cosh %)'
E) - Ka(x)’ .

n

+ ‘n_ae_”an (cosh
By (2.16)), the second term converges to zero:
- x
‘n*ae*”aQ;’{ (cosh f) - Ka(a:)’ — 0 as n — oo.
n

By Lemma for any bounded interval (a,b) C R, there exists a constant
K > 0 such that

(2.21) n~*|Qn (cosh %) o5 <e2n )‘ < 57

n
for all z € (a,b) and n > 1. Since x € (a,b), we apply (2.21)):

o2 K
oY <6W> — o (coshfﬂ < — —=0asn— oo.
n n

Thus, the first term vanishes. Combining both terms,
. 22

‘n*ae*”aQﬁ (62‘72) — K,(x)

proving (2.20)) for z > 0. The result extends to all z € R. |

— 0,

2.3. Preliminaries of Bessel processes. This subsection gives brief information
about the Bessel process. Readers are directed to, for example, [Kat15, Chapter 1]
and [SP12], for more details. The Bessel process of index «, denoted by (R{)¢>0,
is a non-negative stochastic process that can be characterized as the unique strong
solution to the following stochastic differential equation:

o 20+ 1
(2.22) dR{ = dW, + 2Re ——dt,
a+1
2Ry
is the drift component, which is singular at the origin. The behavior of the Bessel
process, particularly its relationship with the origin, is highly dependent on its
dimension d = 2o + 2:

where (W});>0 is a standard one-dimensional Brownian motion. The term

Proposition 2.14. The long-term behavior of the Bessel process R® depends on
the value of « (and thus on the dimension d):
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o Ifd > 2 (ie., @ > 0), the process is transient. This means that Ry — oo
as t — oo almost surely.

o Ifd=2 (i.e.,, « =0), the process is recurrent (or neighborhood-recurrent).
For any r > 0, the process returns to the interval [0,7) at arbitrarily large
times.

o Ifd <2 (ie., « <0), the process is not transient.

Proposition 2.15. [RY10, p. 251, Proposition V.3.1] The transition density of a
Bessel process R* starting from RY = x > 0 to R = u > 0 at a later time t > s

is given by
2 2
o __u (g)a T Htu I UL
fc,t—s(u) t—s \zx exp Q(t _ S) [e% t—s )

where I, is the modified Bessel function of the first kind of order .

3. CONVERGENCE OF RENORMALIZED ULTRASPHERICAL MARKOV CHAINS TO
A BESSEL PROCESS

We begin with the following definition:

Definition 3.1. Let o > —1 and X, be a Markov chain with values in Ny and
transition probabilities P* defined as follows:

Pa(oa]-):]-v
n
P —-1)=———, Vn>1
(n,n—1) 2n_|—_|—220<_i—_&—11’ =t
n «
P“ )= ———— Vn>1.
(ot ) =g a1 2

We call the process X, the Markov chain associated with ultraspherical polynomials
or ultraspherical Markov chains.

From the definition above, it is evident that the given P satisfies the properties
of a Markov chain. In particular, for a fixed n > 0, the transition probabilities sum

to 1:
n n+2a+1

2n+2a+1 2n+2a+1

Moreover, the coefficients of the transition probabilities P% are intimately con-
nected to the recurrence relations of ultraspherical polynomials. The properties of
ultraspherical polynomials have been leveraged by Claude George ([Geo75l, Chapter
IT]) to derive important properties of these chains, such as their potential, through
integral representations. The potential can be expressed using classical functions,
such as Legendre functions, to enhance the analysis of the chains’ convergence be-
havior. Our goal is to build upon George’s findings regarding the convergence of
the chain X2. George established that the rescaled chain X2/v/N converges in
law to R{, where R® is a Bessel process of dimension d = 2« + 2. Extending this,
we propose using ultraspherical Markov chains to approximate the entire process
R*.
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3.1. Basic properties of X, and P®. The calculation of the N-th iterated power
of P% is treated in a more general framework in [Geo75l Chapter II]. Let us recall
the following relation, true for all n > 1, written in terms of P¢:

(3.1) Q@ (2)Qy(x) = P*(n,n = 1)Q5 1 (x) + P (n,n + 1)Qy 1, (x).

Proposition 3.2. [Geo75, Chapter I1] Let [P*]N denote the N-th iterated power
of P%. Then, the followmg relation holds:

(3.2) [Q% ()] = P(n,m)N Q5 ().

m>0

Proof. The result is proven by induction on N. For N = 1, Equation reduces
to Equation Now, suppose that Equation [3.2] holds for N. We show that this
relation is valid for N 4 1. By the definition of [P*]¥*!, we have
P(n,r)NT1 = Z P(n,m)N P*(m,r).
m>0
Similarly, using the recurrence relation for @5, we find
(@) Qn=Qr[(Q) " Qnl-
Expanding this we get the following;:

(@F) =@t Y P*(n,m)NQy,
m>0

=Y P'(n,m)NQQp,
m>0

= P(n,m)N > P (m,r)Qy
m>0 r>0

= Z Z P(n,m)NP*(m,r)| Q%
r>0 | m>0

= Z P(n,r)NT1Qe.
r>0

This completes the proof. O

Proposition 3.3. [GeoT5, Chapter II] The N-th iteration of P* satisfies the fol-
lowing:
1

(3.3 (P () =, [ 2V Q@ QR ()" o),

—1
where wy, is the constant defined as

Lo = 2m+2a+ HI'(m+2a+ 1)
™o 2200 (T (a4 1)2T(m + 1)
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Proof. From Proposition [3.2] we have:

2N Qn(2) = ()N (2)Qn(z) = Y _(P)V (n,k)Q (2).

k>0

Usmg the orthogonality relation of Q¢, we integrate with respect to the measure

u® over (—1,1):

JARRCHE AT / P (n, )QS (0) Q5 () ()

1r>o0

—Z/ (PYN (n, k)Q (#)Q2, () dp ()

k>0

= [ oy @i Pane @
Recall from Equation , if n =m,

| @@en@wre == o

n

Then we get
1
| Q@@ @ @) = = (P (n.m).

Thus, the desired result is obtained:

1
(PN (1, m) = Wt / N Q2 (2)Q (2)dp (2).

-1

O
Now we introduce the A-potential, on which will we will more light on in Section [

Definition 3.4. For A\ > 0, the A-potential matrixz of the chain X is defined as:
Us(n,m) Z e M (PN (n,m).
N>0

Proposition 3.5. The chain X' is recurrent if and only if a < 0.

Proof. Recall that a Markov chain is recurrent if and only if, for all n and m,

Uo(n,m) = 4o0.

Since the chain X7 is irreducible (or ergodic), it suffices to prove the result for
n =m = 0. Recall that
Q5 (2)Q5(x) _ 1

1—=z 1—2

us0.0 =i [ Tawe@ =g [ U 0

1 1 l1—-=z

Thus:
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Using the substitution and knowing that o > —1, we can conclude that U§*(0,0) =
o0 if and only if alpha < 0. O

3.2. Preliminaries of proving weak convergence. Claude George [Geo75] es-
tablished the convergence in distribution of:

[0}
n le%

n1/2 — g,
where R® is a Bessel process of dimension d = 2« 4 2 starting from 0. Here, we
generalize this result by showing that the renormalized chain converges in distribu-
tion to the Bessel process R*. To study the continuum limit, we rescale the chain
to align with the Bessel process’s time and space scales. Consider the sequence of
continuous processes (X{"),>1, constructed from the chain X as follows:

D.C . k
) on/2 ift= o
Xpm =
Xiom g — |21t E k+1
27t 12"] [ va a . +
oz T gny2 ( L2"tJ+1_XL2”tJ) ift e <2n’2n ;

where |a] denotes the integer part of a. We show that the sequence (X;"),>1
converges in distribution to the Bessel process R®.

Notation 3.6. In what follows, £, denotes convergence in distribution, and L
denotes equality in distribution.

Convergence in distribution of a sequence of processes (X),>1 to a limit process
X is formally defined as the weak convergence of their corresponding probability
measures (P,) to a limit measure P on a function space, typically the space of
continuous functions C[0, T}, for some T'.

The convergence of finite-dimensional distributions (FDDs) is insufficient on its
own to guarantee weak convergence on an infinite-dimensional space like C[0,T].
FDD convergence only ensures that the projections of the measures onto finite-
dimensional subspaces converge. It does not control the behavior of the sample
paths between the specified time points, failing to preclude pathological phenom-
ena such as increasingly rapid oscillations or the escape of probability mass to
infinity.

This is where tightness becomes essential.

Definition 3.7. Let (S, d) be a metric space, and let {X;}icr be a family of random
variables defined on a probability space (0, F,P) and taking values in S. The family
{Xi}ier is said to be tight if, for every e > 0, there exists a compact set K C S
such that

P(X;cK)>1—¢ Viel.
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Equivalently, the family of probability measures {Px, }icr, where Px,(A) =P(X; €
A) for measurable A C S, is tight, meaning that for every e > 0, there exists a
compact set K C S such that Px,(K) >1—¢ forallieI.

We will determine the classical criterion of tightness as follows (see, for example,
IKS04, p. 91]): For arbitrary T > 0 and € > 0, we have

(1) Pointwise Boundedness: For each t € [0, (or just ¢t = 0), the sequence of
real-valued random variables (X;"") is tight. That is,

(3.4) lim supP (\Xg"| > )\) =0.

A—00 p>1

(2) Control of Modulus of Continuity: For every € > 0,

. lim limsup P (w ¢ =
(3.5) lim, Tim sup (Wgan(8) >€) =0,
where wx () is the modulus of continuity of a function X € C([0,T],R),
defined as
wx(d) = sup |X(t)— X(s)]
s,t€[0,T)
[t—s|<d

Here we state the main theorem of this section:

Theorem 3.8. The sequence (Xf"")tzo converges in distribution to the Bessel
process of dimension d = 2« + 2, starting from 0.

The proof of Theorem requires two ingredients:

e Showing that the sequence Xta "™ is tight in the space of continuous functions
defined on RT;

e Establishing the finite-dimensional convergence:

QLM -, L o o
(X" X0 — (RY,..., R ),
for t; <ty < --- < tp,. It boils down to proving E[f(X%™)g(X™™)] —
E[f(RY)g(Ry)] for suitable test functions f and g.

3.3. Proving tightness of (Xa’”),LeN. The condition stated in Equation
is fairly straightforward to see. By definition, the process starts from a fixed,
non-random integer state X3 = a. The rescaled process at t = 0 is therefore
deterministic:

X§ a

o-o,n _
(3.6) X" = s = g

For any given A > 0, the inequality |a| - 27™/2 > X can only hold for a finite set of
integers n, since 272 — 0 as n — 0o. Let Ny = {n € N: |a| - 272 > X}, which
is finite. As A — oo, eventually A > |a|, at which point Ny becomes the empty set.
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For such large \, the event |X{""| > A is impossible for any n > 1. Therefore, for
sufficiently large A,

(3.7) sup P (|ng”| > A) —0.
n>1

Now, Equation (3.5]) is more difficult to prove. To proceed, we show some prelimi-
nary lemmas.

Lemma 3.9. For any T > 0, there exists a constant Cp > 0 such that for any
m € N and any starting state a € Ny with a < mT,

(3.8) E, [(X3 —a)'] < Crm?®.
Proof. The proof is detailed in Appendix [A] O

Lemma 3.10. Let T > 0 and € > 0 be arbitrary. Then there exists a constant M >
0 (independent of §) such that for any § € (0,1) and any p € {0,...,[T/6] — 1},

limsupP, sup | Xy = X, > e2n/? | < M6
msu (quwﬂl (2np6 )45 — X 2nps)|

Proof. Let k, = |2"pd| and m, = |2"4] for notational simplicity. Let S; =

Xi +;— Xk, We want to bound the probability of the event B, ,, :== {0<s;_1£n |S;] >

g2n/ 2}. We apply Markov’s inequality to the fourth power, which is a simple form
of a maximal inequality.

_ 14 n/2\4
() =P (o |51 > (272

E [maxo<;j<m, |5;]*]
— 542277,

By Doob’s L? inequality for the non-negative submartingale |.S;|, we have E[ sup |S;[P] <
Jj<mn

D p p
(ESVElSu )

B[ - X )]
22n

P(B,,) <[ =
5.0 < (3
def M a a
2 o [E[(XE e, — X017,
where M; is a constant independent of n, p, and 6. By the Markov property,
the inner conditional expectation is Exe [(X5, — X ,f‘p)4]. Using the bound from
ya

mMn

Lemma there exists constants My and Mj, independent of n, p, and § such

that A\
2
P(B,,) < ﬁmi < Msd?,

obtaining the desired result. O
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Lemma 3.11. LetT > 0 and a € Ny be fived. For alle > 0, there exists a constant
L > 0, independent of §, such that for all § € (0,1),

(3.9 limsup P, sup | X2 — XP| > e27/? | < L.
n— oo k,leNg
k,I<[2"T]
lk—1]<[2"4]

Proof. Let N,, = |2"T| and m,, = |2"§]. Let A,, be the event inside the probabil-
ity:

(3.10) A, ={ sup |XP—XP|>e2V/?

We use a chaining argument. Let &, be a pair of indices realizing the supremum.
We partition the time interval [0, N,] into [T/d] blocks of size m,. Let pp =
k/my] and p; = |I/m,, | be the block indices for k and . Since |k — | < m,, it
must be that p; = px or p; = pi. + 1.

Case 1: k and [ are in the same block (pr = p; = p). Then pm, < k <1 <
(p + 1)m,,. By the triangle inequality,

(3.11) [ Xy = X7 < [ X = Xp, [+ X =X [ <2 . REIED ST
JE[pMn,(p+1)my]
If [ X& — XP| > £2™/2, then sup X — X8, | > %zn/?

jE[pmn,(erl)mn]

Case 2: k and [ are in adjacent blocks (p; = pr +1 = p+1). Then pm, < k <
(p+1)m, <1< (p+2)m,. Again by the triangle inequality,

(X5 = X0 < IXE = XGiym, | + 1 XGraym, — X7

< sup | X5 — X 1ym, |+ sup | X5 — X0 1ym,, |-
jeloma(ptym,y 0 P JElpHD)mn (p+2)mn] (P

If [ X2 — X{| > £2"/2, then at least one of the two maximums on the right must
€ n/2
be greater than 52 .

Combining these cases, the event A, implies that for at least one block p €

{0,...,[T/d] — 1}, the maximum fluctuation within that block must be large.
This leads to the inclusion of events:
[T/6]—1
3.12 A, , Eon/2
(312 - U {0:;2% pntq ~ Xpm, | > 2 }

Now we apply the union bound to the probabilities:
[T/8]-1

e} e} € n
Z P, < sup | X4 — Xpmn | > 52 /2> .
p=0

0<j<ma
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We apply Lemma with €’ = /2. For each term in the sum, we have:

(3.13) limsup]P’a< sup | X

My +7J
n— 00 0<j<m,, prinTd

[eY € on/2 152
Xpmn|>22/)§M6,

where M’ is another constant independent of m, p, and §. Since the bound is
uniform in p, we can bound the sum:

(/611
limsupP,(A,) < Z (M'5?)

< [T/8] - M's?
< (? + 1) M'§% = M'T6 + M'$2.

For § € (0,1), this is bounded by (M'T + M")§. Letting L := M'T + M’ yields the
desired result. (]

Proposition 3.12. The sequence of processes (Xa’”)neN is tight in C([0,T],R).

Proof. The first condition given by Equation (3.4]) was shown previously. Now we
have to tackle the second condition (3.5)):

(3.14) lim limsup P (wg... (6) > €) = 0.

=0 n—oo

For any s,t € [0,T] with |t — s| < 8, the increment of the interpolated process X"
is bounded. Because the function is piecewise linear, its maximum fluctuation over
an interval is controlled by the maximum fluctuation of the discrete points that
define it in that interval. A simple calculation shows

N N 2
Wxon(0) = sup |[XP" = XI" < osup X - X
jt—sl <5 202 |k—jI<[2n6]
This inequality leads to the following inclusion of events:
2 [e3 (03
(3.15) {wgan(d) >} C Jnjz . SUP |Xp = X7 >ep,
|k—j]<[2"4]
which is equivalent to
(3.16) {wgan(d) >} C sup Xy — X5 > Son/2t
|k—j1<[278], ki< |2nT) )

We can now take the probability of both sides and apply Lemma with ¢/ = ¢/2.

P (w)”(am(fs) > 5) <P sup | X — Xj‘l| > fgn/2 )
lk—j]<[2n 8] 2

Taking the lim sup of this inequality, we get:

n— oo

(3.17) limsupP (wya.. () >¢) < L6,

n— oo
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where L’ is the constant from Lemma corresponding to £/2. This constant L'
depends on T" and € but is independent of §. Finally, we take the limit as § — 0:

. . . A <1 5 — 0.
(3.18) %1_{% (117?1—>Solipp (Wgan(6) > 5)) < ;l_}I%L =0
And hence Equation [3.5]is satisfied and tightness is established. O

3.4. Proving finite-dimensional convergence. Next we have to prove the finite-
dimensional convergence:

5 5 c
(X0 LX) —— (RE ... RY ),
n—o0

for t; <tg <--- <tp,. To begin with we establish the convergence of the discrete
transition semigroup to its continuous counterpart.

Lemma 3.13. Let 0 < s < t be fized time points and let [a,b] C R be a target
interval. Define the continuous and discrete semigroup actions on the indicator
function 1,y as follows:

e Continuous Semigroup Action: Let R® be a Bessel process of dimension
d = 2a + 2. Define the function G : Ry — [0,1] by

®(x) = E [Lj(R) | RY = ] .

e Discrete Semigroup Action: Let X®" be the scaled ultraspherical Markov
chain as defined before. Define the sequence of functions G™ : Ry — [0, 1]
by

@n(l‘) = E |:1[a,b] (Xz)zn) ‘ X?’n = .’I,‘:| .

k
Let D,, == {W :k € No}. For any compact set [p,q] C R and any sequence of
starting points (T )nen such that x, € Dy, N [p,q] for each n € N*, we have

Before proving this lemma, we state some results that will prove useful.

Corollary 3.14. [MOS13| p. 29] For Re(v) > —1, we have the following Weber-
type integral identity:

© 2,2 1 _a2+b2 ab
te P I (at)J, (bt)dt = —e~ @2 I, () .
/ (at), b0yt = o :

Theorem 3.15. [Sze75l Theorem 7.32.2] Let « and B be arbitrary real numbers,
and let ¢ be a fized positive constant. Then, as n — oo,

g3 (n—%) ifen~t <0 < 1/2,

Q5 (cosh) =
O(n%) if0<6<enl.
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Theorem 3.16 (Dominated Convergence Theorem). Let (Q, F,u) be a measure
space, and let (zp)nen be a sequence of measurable functions Q — R such that:

(1) zn(x) — 2z(x) pointwise for p-almost every x € Q, where z : @ - R is a
measurable function.

(2) There exists a non-negative integrable function g € L*(u) such that |z, ()| <
g(x) for alln € N and p-almost every x € Q.

Then, z € L*(p), and
lim zpdp = / zdp.
Q Q

n—roo

Equivalently,
lim / |zn, — z|dp = 0.
Q

n— oo

Proof of Lemma[3.13 The function ®(z) is defined by integrating the transition
density of the Bessel process from Proposition [2.15] f*, . (u), from a starting point
x at time s to a terminal point u at time t.

o b 2,2
le' — u E “ _gttt: ux
(3.19) <I>(a:)=/0 It[a,b](u)fx,t_s(wdu—/a t_s(x) e 2 o (t_s>d“'

For z,, =

ﬁ with j € Ny, and setting N = 2"(¢t — s), the function ®"(z,,) is
given by the spectral representation of the N-step transition probabilities of the
underlying Markov chain:

0 k 1
#(0) = Y o) (77 ) ok [ 1 QEOIG 0))
k=0 -1

oo k - | )
"2t (2/> [ (030" Qp (cos0) Q5 (cos ) sin )1,
k=0

where in the second line we performed the change of variable y = cosf. Let us
define the integrand function

I () := (cos 0)N (sin 0)** T Qg (cos 0)Q (cos 6).
Consider the substitution § — 7 —6. Using cos(m — §) = — cos ), sin(m — ) = sin 6,
and the property Q0 (—y) = (=1)"Q% (y), we find:
Iy (m —0) = (1)L ().
The integral / I,’j (0)d6 is non-zero only if the exponent N +k+ j is even. In this

0

/2
case, the integral is equal to 2/ T¥(0)dA. This allows us to rewrite ®"(x,) as:
0

(3.20)
n k «
D" (x,) =2 Z T onja ) Wk
(mod 2)

k+j+N=0
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/2
/ (cos )N Q% (cos 0)Q5 (cos 0)(sin )?1dg.
0

Now we define the following functions, for notational convenience:

(1) The function hy : Ry — R is defined as

o= o )] s o)

(2) The function H,, : Ry x Ry — R is defined as

. ko weuets
HalGw) =2 > dpy <2n/2) NE
k+j+N=0 (mod 2)

hig (w),

where j = 2"/?z.

Making the change of variable § = u/ VN in Equation ([3.20), we obtain the trans-
formed expression for ®"(z,,):

o= [ )] o (35)

AR () H ()2
VN T ety

Let us define:

u N a u
Onon ) = o 04 oy {COS <\/N>} s <COS<¢N)>

Recalling Corollary we have

i () e 0 i) (555)

One may notice that #H,(j,u) depends on the parity of j as follows:

{'Hn(j, u) = H,(0,u) if j is even

0.

n—oo

Hn(j,u) = Hn(1,u) if j is odd

However, a direct calculation shows that

(323) g Hnlirs0) = %*I?(Zil)/b ((t—as)éyﬂ Jo ((t i)é> (t fi) ’

=
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which means the convergence of H,, does not depend on the parity of j. E| Further-

more, from Equations (3.22)), (3.23]), and the fact that

N [aing _w_19Fz
) " sin —% .2
lim | cos — =e 7,
n—00 ( \/N> [ VN ]

we have the convergence:

(3.24) i |pp (2n,u) = ¢(2n, u)] =0,

n—oo

N

where ¢(z,,,u) is defined to be
uz - ux
r 1) | ——— Ja i
@+ (5) (wf)]

(=)

In order to use the dominated convergence theorem (Theorem [3.16]), we must find
an integrable dominating function for |¢,(z,,u)|. Since if p < 0, as u — 0, the
term (sinw)? is no longer bounded, we have the equivalence:

G(n,u) =/

1
@) (ua+%> ifa>—=,

(3.25) Hn(j =0,u) ~Hn(j = 1,u) =
Ow** ) ifa< —5

Recall Theorem With z,, varying in a compact set [p, q], we there exists a
constant ¢ such that

(3.26)
O(1) fo<u<e,
¥y cos ———— | = oy n
QZQ‘T"( 2%(t—s)%> (’)(nul) ifc<u§25(t—s)%z.
22(t—s)2 2

From Equations ([3.25) and (3.26]), we know that there exist A; > 0 and Ay > 0
such that

(3.27) G (1) = Oure=42%).

Hence, the dominated convergence theorem (Theorem [3.16]) applies, which gives
—+o0
(3.28) lim [ |6n(wn,u) = @(wn,u)ldu = 0.

n—roo 0

From this convergence (Equation [3.28) we immediately deduce

IFor Equation [3.23] readers are directed to [GeoT5l, Equation (3.10), Chapter II] and the relevant
preceding workings; the concepts being used are similar so we omitted the details.
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+o0 -« 2
lim |®"(z,) —/ T(a+1) ( Un ) ( Un ) -5
n—00 0 2(t —s)2 (t—s)2
(3.29) . ot
uot! Ou u dé
1 Ja T 1 du =0.
2“F(OL+1) a (t—s)é (t—5)§ (t—s)é
(3.30)
b —« a—+1
noreo a \(t—s)2 (t—s)2 (t—s)2
/ ue” o Jo (xnu . > Jo ( bu . > du
0 (t — 8)5 (t — 3)5

. . 1 T, u )

Using Corollary |3.14] with p = 75 a = T );v b= T );v v = a, equation
— S)2 — S8)2
[3.30 becomes
(3.31)
%) —« a+1 22102

lim q)n(xn) _/ ( Ty 1) ( U 1) e~ 2(;:5) I, <U.’En ) du | =
n=o o \t-9t) \—9? 1—s) (t—s):

or equivalently

+oo o 22102
(3.32) lim ‘@"(mn) —/ 1.0 (20n) — (“) e EES (“x” ) du‘ —0,
0 ’ t—s \Tp t—s

n—oo

which corresponds exactly to the desired result. O

Lemma 3.17. For allm € N, and for any t1, ..., tm € R, we have:

o-Q,m o-Q,m L
(XEm X2 —E s (R RS ).

T tm n— 00 m

Proof. We can do the proof by induction on m. For m = 1, we simply need to
prove that for all £ > 0,

(3.33) Xom ﬁ RY.

As we have mentioned before, from [Geo75, p I1.19], we know that

N
n £, pe

nl/2 n-oco

For dyadic ¢ (i.e., of the form ¢ = k/2™ for integers k and m), we directly have

. X5, c
Xa,n — 21 Ra.
t 2"/2 n—o00 t
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Moving on to the inductive steps, we assume for any ¢; < - -+ < t,, (Xg”, ... 7)23;”) £
(RY,,..., R ). We want to prove this for ¢; < --- <t,, <t;,11. By the Portman-

teau Theorem, it is sufficient to show that for any collection of bounded, continuous
functions hq, ..., Apt1,

]E[hl (Xtal,n) t hm+1(Xt +1)} - ]E[hl (Rt ) ' hm-&-l(Rzn,H)L

Using the law of total expectation we have

m+1

H h] (Xto;/n) = IE t'm,+1 twn
j=1

hi (X" | B [hmﬂ(f(“’” )Xo X‘l"}

=

1

J

=B | | [T mEem) | B[S 1 X200

tm

(=

Il
=

J

where the second equality follows from the Markov property of the process X,
Let us define the functions:

@7, (1) = Bl (X7) | X2 = a

m tm.+1 tnL

@, (2) = E[hpmy1 (RY ) | Ra = 1]

By approximating the continuous function h,,+1 by simple functions (linear combi-
nations of indicators), Lemma can be extended to show that @) (z) — D,,(z)
uniformly on compact sets. The expectation becomes

E | J]rX2") | @mXem

We want to show this converges to E H hj(RE) | @m(RE,) |- We have:

&
=

m

hy(xpmy | en (X | =B || []h(B) | @m(BS)
L |

(&
I

<|B | [ TImE™ ) (onE) - en(X)
L J=1
+|E H (X)) @m(XEM) | —E || [Ths(RE) | @m(RE)
ot j=1

The first term vanishes as n — co. Since the functions h; are bounded, the product
is bounded. The term |®], — ®,,,| converges to zero uniformly on compacts, and
since the law of X" is tight (it converges in distribution), the expectation goes
to zero.



28 LI SIU MAN

The second term involves the expectation of a bounded, continuous function of

(X", .., X2"), namely F(z1,...,2m) = (]| 7j(2)))®m(zm). By the induction
j=1

hypothesis, the joint law of (Xg", . ,X{:n) converges to the law of (R ,..., Ry ).
Therefore, the expectation converges:

E[F(X", ..., X" = E[F(Ry, ..., R ).
Both terms in the inequality go to zero, which completes the inductive step. [

This section’s main theorem can hence be proved:

Proof of Theorem 3.10. The proof is done in two steps:
e It was shown (see Lemma [3.17) that finite-dimensional convergence holds:

(Xgn, e 7Xf‘mn) converges in law to  (R{,...,R}")  for t1 <to <...<tp.

e It was established that the sequence Xf‘ " is tight in the space of continuous
functions defined on R, . (See Proprosition )

O

Remark 3.18. One may wonder if the theorem can be generalized to cases where
the Bessel processes RV start at any point, say a, rather than just 0. However, to
do this, it is not enough to simply renormalize the ultraspherical chain X<, starting
from any a. It is necessary to consider a new chain X" such that X" = 2"/2q.

In fact, we can define a new sequence X,

t,new "
(3.34)

22;: ’ ift = o

) 2

xom |~

,new Xa7: ony _ L2ntJ kE k+1

[27¢] a,n a,n 3 P
et (X — X3ly), ifte <2n’ 2" ) '

Using the same approach employed in this section, we can prove the the sequence

Y,*™ converges in law to Ry, a Bessel process of dimension 2a+ 2 starting from
R® —
0

4. FIRST PASSAGE TIMES AND THEIR CONVERGENCE

We now turn our attention to the hitting times and the exit times for ultraspherical
chains, before passing to the limit for the Bessel process. We consider the Markov
chain associated with ultraspherical polynomials and focus on the hitting time of
a point:
Ty = inf{n € N, X = b}.
We are also interested in the exit time from an interval. For X§ € [c, b], define the
following:
Ty =inf{n € N, X7 = b or X = c}.
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4.1. Limit Theorems on Hitting Times. We observed in Section [3] the con-
vergence in law of the rescaled Markov chain X" towards the Bessel process of
dimension d = 2« + 2 starting from 0. From this result, it is easy to deduce that
the hitting time of a point b by the chain X< satisfies

T ~
(4.1) lim —2b =T,

where T is the hitting time to point 1 of the Bessel process of dimension 2o + 2
starting from 0 (in other words, T} = inf{t > 0 : R{*® = 1}); the convergence is
in law. To begin with, we start by studying some general properties that will be
useful for what proceeds.

Proposition 4.1. Let (X)) be an ultraspherical chain starting from X§ = a. Let
Ty be the first hitting time of b for this chain. Then,

(4.2) P, (T3 < 400) =1, for a<0.
For a > 0:

43) {Pa(Tf <4o0)=1, ifb>a,

P, (T3 < 4o00) <1, ifb<a.

Proof. Equation (4.2)) follows directly from the recurrence of the chain for o < 0.
Now, assume « > 0. The chain X' is transient. For a = b, it is clear that
P (T3 < +00) = 1.

Now, for b > a, if T;* — 400, the chain X7 can only take a finite number of values
{0,...,b— 1}. But this contradicts the transience of the chain. Thus, we deduce
the assertion (i) of (4.3)). Finally, for b < a, suppose

Py (T < +o0) = 1.

This means that starting from a, the chain reaches b with almost surely. But we
have just shown (first assertion of (4.3)) that starting from b, the chain reaches
a almost surely. Using the Markov properties of X, it is clear that the chain

alternates between a and b infinitely often, which contradicts its transience. Hence,
we deduce that
P, (T3 < +00) < 1.
|

Lemma 4.2. The functions Qf{(e)‘) and U (n,0) are eigenfunctions of P, with

the eigenvalue €, where UY(n,m) = Z e M (PN (n,m) as defined before.
N>0

Specifically, we have

Vn € N, PO‘Qf{(e)‘) = e’\Q%(e’\),
Vn € N*,  P*UZ(n,0) = e*U%(n,0).
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Proof. Let n € N*. By the definition of P®, we have
n+2a+1
PO A\ — « A « A )
Qn(e?) i oarl n-1(e’) + mioatl nr1(€)
Using the recursive property of ultraspherical polynomials:
n n+2a+1

Q@ (v) = G m1(z) + DT e 2

n

(),
we can obtain

PUQI(e) = Q3 ().
We can trivially verify this for n = 0 similarly. For US (n,0), we obtain

+2a+1
PULn,0) =Y e (D [PV (0~ 1,0) + o [PV (n+ 1,0
w (n,0) NZ;O‘E (2n+20¢+1[ A mer v | L R )
= 3 NP (n,0)
N>0
= Z e M PN (n,0)
N>1

We know that for all n > 1, [P*]°(n,0) = 0, and thus we have
Pog(n) = e* > e MNPV (n,0) = UL (n,0), VYn €N,
N>0
[l

Remark 4.3. The property P°U2(n,0) = e*U%(n,0) is false for n = 0, due to
boundary conditions. Instead, we have
PoUg (n,0) = e* > e N [PIN(1,0).
N>1

Proposition 4.4. Let T;* = inf{p € N : X¥ = b} be the first passage time to
state b for the ultraspherical chain starting from X§ = a. The moment-generating
function of this random time is characterized as follows:

(i) (Upward Passage, a < b). When moving away from the origin, the
transform is given by the ratio of the eigenfunctions Qf (e/\) of the transition
operator:

(4.4) E, (e**Tzf‘ ) - ggg;

(it) (Downward Passage, a > b). When moving towards the origin, the
transform is given by the ratio of the wvalues of the A-harmonic function
Uy (k,0), which represents the resolvent:
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Proof. The proof for both cases relies on the construction of a suitable martingale
and the application of the Optional Stopping Theorem. The necessity for two
distinct mathematical approaches is dictated by the boundedness requirement of
the Optional Stopping Theorem, which is central to the proof. For an upward
passage (a < b), the process is stopped upon reaching state b, naturally confining
the chain to the finite set of states {0,1,...,b}. Within this finite domain, a
martingale constructed from the polynomial eigenfunctions, Q% (e’), is bounded,
allowing the theorem to be applied directly. Conversely, for a downward passage
(a > b), the chain is free to reach arbitrarily high states before eventually hitting
b. Since the polynomials Q‘,j(e)‘) grow with £, this would create an unbounded
martingale, violating the theorem’s conditions. Therefore, this case necessitates the
use of a different function, the resolvent or A-potential Uy (k,0), which is inherently
bounded for all states k € N.

Case (i): Upward Passage (a < b). Let us define a function hy (k) :== Q% (e?).
By its definition, this function is an eigenfunction of the transition operator P®
with eigenvalue e*. That is,

(P*hy) (k) = Ex[ha(X)] = e ha(k).

Using this property, we define the process ./\/l;)‘) = e *Phy (X,). We show this is
a martingale with respect to the natural filtration F:

Eo[ MG | Fpl = Eale 2D ny(X2,,) | X0
= e MPIUE o [y (X))
= e T erpy (X2
= e Mhy(X5) = M.

The process MZ()A) is bounded for all times p < Ty, since the state space is restricted
to {0,1,...,b} and hy(k) is finite for each k. Indeed,

sup MV < sup Q% (V)]
n<Tg 0<Xa<b

=

<  sup |Q§j(ek)|<+oo.
ke{0,...,b}

By the Optional Stopping Theorem, the expectation of the martingale at the stop-
ping time T is equal to its initial value.

El[MG)] = MY,
Substituting the definition of Ml(f‘) yields
Eq[e 0 ha(XF0)] = e Oha(XE).
Since X7 = b and X§' = a, this becomes

Eo[e 0 Qp (M) = Q2 ().
Rearranging the terms gives the desired result (4.4).
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Case (ii): Downward Passage (a > b). Here we define a function gy (k) =
Uy (k,0), where Uy is the resolvent or A-potential of the chain. This function is
A-harmonic, meaning it satisfies the relation:

Ex[e ™ gA(XT)] = ga(k).
We now define the process ./\/p(’\) = e‘ApgA(Xg). This process is a martingale:
EalNp}s | Fpl = Eale 00 g5 (X50) | Xp)
= e Exale  ga(XT)]
= e*’\pgA(X;f‘) = NIE)‘).
The stopping time 7;* is bounded by the hitting time to the origin, 7. The process

./\/;)‘) is bounded for p < T* because the state space is restricted to {b,b+1,...,a}.
Applying the Optional Stopping Theorem,

Ea Vi) = NGV
Substituting the definition of ./\/;E)‘) gives
Eo[e "5 gA(X§0)] = 92(X5).
With X7a = b and X§ = a, we have
Eq[e U (5,0)] = U (a,0).
Solving for the expectation yields the result , completing the proof. O

Notation 4.5. In what follows, R** denotes a Bessel process starting from Ry =
a. We denote by T,"* the hitting time of b by the process R*:

T = inf{t | R{" = b}.

Proposition 4.6. [PY81] Proposition 2.3] The Laplace transform of Tba’a for the
Bessel process is as follows: For a # 0,

(l’)a La(ad) e

(4.6) VA>0, Ee 3Ty =\l La(bd)
DY Kalad) o
a) Kabrn 077
Fora =0,
1y2pa,0 ba A . 1
4. E(e VT = 2 (2 .
(47) VA>0, E(em27 ) F(a+1)(2) T (b))

We now establish the convergence in law of the hitting times for the ultraspherical
chain. The core of the argument lies in demonstrating that the Laplace transforms
of the appropriately rescaled discrete hitting times converge to the known Laplace
transforms of the hitting times for the limiting Bessel process, as given in Propo-
sition [4.6] Let us define the diffusively rescaled hitting time for the ultraspherical
chain as the random variable 7,,.
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Proposition 4.7 (Convergence from a Fixed Interior Point). Consider the ultra-
spherical chain (X}')p>0 originating from a fived integer state Xg' = a > 0. Let
the target level be scaled diffusively as k, = |2"b] for some dyadic number b > 0.
The corresponding rescaled hitting time, T,%¢4(b) = Ty /4™, converges in law to
the first passage time rf’f’o for a Bessel process starting from the origin.

T (b) —— T,

n—oo

Proof. For large n, the fixed starting point a is less than the scaled target k, =
[2"b]. From Proposition the Laplace transform of the discrete hitting time is
given by the ratio of ultraspherical polynomials as follows:

E, [ 75, Qa(e™)

- Qp (e’
As n — oo, we have v, — 0, and the numerator converges to Q5 (1) = 1. For
the denominator, we analyze its asymptotic behavior. Let 22 = —2k2 (e’ — 1).

As n — o0, € & 14 v, s0 22 &~ —2(2"b)%(\?/(2 - 4™)) = —b*N\%. This gives

2, — ib\. The argument of the polynomial becomes e’ ~ 1 — 22 /(2k?). Applying
the asymptotic formula from Corollary

lim Qf (¢) =T(a+1) (”’;) h Ja(ibA) = T(a + 1) (?) B I.(bA).

n— oo

Combining the limits of the numerator and denominator, we find

lim E, I:e_V"T’?n:| = 1 (bA/2)"

T T(a+ 1)(bA/2) TN T(a+ D)Ia(bN)

n—oo

This is precisely the Laplace transform of Téy 0 given in Proposition which
completes the proof of Proposition [£.7}

Building on this, we generalize the result to a scenario where the starting point is
also scaled with the process, which corresponds to approximating a Bessel process
starting from an arbitrary point a > 0.

Proposition 4.8 (Convergence from a Scaled Starting Point). Consider the se-
quence of ultraspherical chains (X;"")p>0, where each chain starts at a diffusively
scaled position X3'" = j, = |2"a] for some dyadic a > 0. Let the target level be
kn = [27b| for a dyadic b > 0. The rescaled hitting time, T;°**%(a,b) = T /4n,
converges in law to the first passage time Tba’a for a Bessel process starting from a.

7;Lscaled(a7 b) _£ Téx,a.

n—oQ

Proof. Here, both the starting point j, = [2"a| and target point k, = [2"b] are
scaled. We consider two cases based on the relative positions of a and b.
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Case 1: a < b. The chain is moving away from the origin. The Laplace transform
is given by the ratio of ultraspherical polynomials

} 7. (e”)

E;, [e_”"Tkn

Qp (evn)’
We apply the same asymptotic analysis from Corollary [2:4] to both the numerator
and the denominator. This yields

i & (e") _ D(a+ 1)(ar/2) I, (a)) _ <b>a I,(a))
n—oo Qf (e)  T(a+1)(bA/2)"*Ia(bA) I, (bN)

This matches the required limit from Proposition for a < b.

a

Case 2: a > b. The chain is moving towards the origin. The Laplace transform is
given by the ratio of the A-potentials (resolvents):

_ Ug (jn,0)

Ug (ky,0)
We can actually express the A-potential in terms of the Legendre function: (For
details, please refer to Appendix )

27T (2a+2)I'(n+1) Coxa s

4.8 U ,0) = (a+1) 1 — 2X T o A )
( ) )\(n ) F(oz—l—l)f‘(n—l—Zoz—!—l)e ( € )26 n+o¢(e)
Hence, it is immediately seen that

_ 27T (2a+ 2)T'(2"a + 1) ezﬁ%wﬁl) ( 22 )%

—v, T™
Ejn {e "k ]

U®,. (2"a,0)

1—e 227
STnFT Mo+ 1)T'(27a +2a+ 1)

. A2
e~ ima ana+a (6422""'1 )
We use the expression for the potential in terms of Legendre functions given by
Equation (4.8). The ratio becomes
Us, (Gn,0) _ T(jn +DP(kn +2a+1)  Qf 1ale™)

Ug (kn,0) — T(kp + D(jn +20+1) QF L (e"n)’

We analyze the limit of each part. First, using Stirling’s approximation for the
Gamma function ratio, T'(N + ¢)/T(N +d) ~ N, we have

2"+ )2 +2a+1) . (2"a)~2> <b)2a'

oo D(20h + 1)D(2%a + 200+ 1) nvoo (270)—200

For the ratio of Legendre functions, we use the asymptotic result from Proposition
which connects Qp to the modified Bessel function K. For a scaled argument
T, = |2"2], we have x,“e™""QF (") — Kq(x)). Applying this to the ratio,

o Qhgale) L (2Ma)*Ka(ad)  ra@ Ka(ad)
P Qo (em) 2 R (bY) (b) Ko (b\)

a

Combining the limits of the two parts gives the final result

o b= ()G - ()
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This matches the expression from Proposition [4.6] for a > b. O

4.2. Convergence of Exit Times. We demonstrate that the first exit time of a
suitably scaled ultraspherical Markov chain from a fixed interval converges in law
to the first exit time of a Bessel process. The proof relies on the convergence of the
respective Laplace transforms. We first derive the Laplace transform for the dis-
crete exit time by considering suitable martingales, and then show its convergence
to the known transform for the Bessel process.

Theorem 4.9. Let ¢ < a < b be three dyadic numbers. Consider the ultraspherical
Markov chain X" starting from X" = 2"a and the Bessel process R® of dimen-
sion 2a + 2 starting from Ry = a. Then, under the diffusive scaling, the discrete
exit time converges in law to the continuous one:

a,n

c,b L Tcojb-

227 p oo

The proof relies on constructing martingales from special functions related to the
chain’s generator.

Proposition 4.10. Let (X;'),>0 be the ultraspherical Markov chain on the inte-
gers. For a fized A > 0, the following processes are martingales with respect to the
natural filtration of the chain:

(i) Mg = P Q% ()

(i) N;f"/\ = P <Z e MNP (XY = 0)) , Jor states X7 > 0.
Ni

Proof. (1) The ultraspherical polynomials O (z) satisfy a three-term recurrence
relation in the degree k. The transition probabilities p(k, j) = P[X,\; = j | X, =
k] of the chain are defined from this recurrence. Specifically, for a suitable ch01ce
of z, the operator of conditional expectation acts as a multiplication operator on
the sequence k — Qf (). The construction yields the eigenfunction relationship:

Er[Q%o (e Zp (k,7)Q5 () = * Qg ().

Using this, we check the martingale property for M;,”"A conditional on X' = k:
A o — o «
BV | X = H = Ele 0 Qg ()] X7 =
APEL[Q% ()]

e—)\(p-‘rl) (e)\ Q;: (e)\))
= PR = M |xg i
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Thus, Mg" Misa martingale

(ii) Let g(k Z e MPF[XQ = 0]. We check the martingale property for N;"A

for any state k > O
Ek[e_A(p-i_l)g(Xz?Jrl)] = e_/\(pH)Ek[g(Xf)]

= e AP " p(k, j) (fj e MWPIXR = 0])
N=0

J

3

— M) S W Sk, B XR = 0)

N=0 j
= e MDY e AVPR XL = 0]
N=0
(by Chapman-Kolmogorov equation)
=e N e MPFX = 0] (letting M = N +1)
M=1
(Z e MPEXS = 0] - PFIXE = o])
M=0
= e y(k),
noting that since k& > 0,P*[X§ = 0] = 0. This confirms that N5"* is a martingale
for states away from the absorbing boundary 0. O

Proposition 4.11. Let the ultraspherical chain start from an integer state a, with
c<a<b. For >0, the Laplace transform of the exit time T, from the integer
interval [c,b] is given by

E, [e_’\st}
_ Qg‘(e’\) [2(1)\/'0:() B_ANIPC[XJ% = O] — Z?:o e—ANPb[X]o\? _ OH
(CN—0 e WVEXR = 0]) Qf () — Q2 () (Tx—g e MVFIXR = 0])

(CN=—p e MPUXR = 0]) [Qf(eY) — Q2(eM)]
(X N=o e MVPIXR = 0]) Qf(e?) — Qa(e) (X x—p e WP [XR =0])’

_|_

Proof. The exit time T, is a bounded stopping time. We apply the Optional
Stopping Theorem to the martingales M" A and Ny A

Bl 0%y, ()] = Q4(Y

b

(e} o oo
E. le‘”ﬁb (Z e NPT XY = m)] = e MPUXR = 0]

N=0
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Since the process at time T, must be at state ¢ or b, these two equations form
a linear system for the quantities E, [e*)‘Tgb]l{XTQ —¢}] and E, [e*’\Tca,b]l{XTa —b}]-
c,b c,b
Solving this system for these two quantities and summing them gives the desired
total Laplace transform. [

Proposition 4.12. [BS02| Let Tco,‘b be the first exit time from [c,b] for a Bessel
process R of dimension 2+ 2 starting at a € (¢,b). Its Laplace transform is
E {e*%%hb} I (Aa) [ Ko (Ae) — c* Ko (AD)] + Ko (Aa)[c* 1o (AD) — b 1o (Ac)]
¢ T a®[Io(Ab) Ko (Ac) — In(Ac) Ko (AD)]

)2 Tn
Proof of Theorem[}.9 We evaluate the limit of E |exp (—2 202’i as n — oo.
This is equivalent to taking the limit of the expression in Proposition with
)\2
states 2"a,2"b,2"c and Laplace parameter v,, = SanTi We recall the following

convergence which has been covered before:

Qo (622&1) ~T(a+1) (;\) La(z)

:I:(X
_oT@2a+2) A\ K,(A\z)
Mo+ 1) 22ne go -

> e AT NPT (X8 = ] ~ 2
N=0

Then we have
() () - (525

. .1 a® e 2%me o e
lim_ {6 ’ } (KQ(CA) Ao ) (IQ(bA)> B <Ia(c)\)) (Ka(b)\) Ao )

¢ 22na b o b 22na

(322 (12) - (2]

(Ka(c)\) Ao ) (1(,(&)) B (Ia(c)\)) (Ka(b)\) Ao )

¢ 22na b oo be  22na
I, (aN)[b* Ko (eX) — ¢® Ko (bA)] + Ko (aX)[c® 1o (D) — b* I, (cA)]

n—oo

N a®[Io (bA) Ko (cA) — In(cA) Ko (bA)]
This is precisely the Laplace transform of the Bessel exit time. By Lévy’s con-
tinuity theorem, the pointwise convergence of the Laplace transforms implies the
convergence in law of the random variables. (I

APPENDIX A. PROOF OF THE FOURTH MOMENT BOUND

We notate Sy, = X, — a. We decompose S,, into a martingale part M,, and
a predictable drift part D,,. Let Fr_1 be the natural filtration generated by the
chain up to time k — 1. The one-step drift is given by dy == E[X}} — X3 1| Fr_1].
The decomposition is then S,, = M,, + D,,, where the martingale M,, and the
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drift process D,, are defined as

m

My =Y (Xg = Xg —dy), and Dy =Y dy.
k=1 k=1

By the moment inequality (x4 y)* < 8(z* +y*), we can bound the fourth moment
of S,, by the moments of its components:

Eo[Sy] < 8(Ea[Mp] + Ea[Dy,]).
We now proceed to bound each term separately.

Martingale Term: The Burkholder-Davis-Gundy (BDG) inequality states that
Eq[M1] < C1E,[(M)?2 ] for some universal constant C;. The predictable quadratic
variation (M),, is given by the sum of the conditional second moments of the
martingale increments. Since X — X' ; takes values in {—1,1}, we have (X}’ —
X )? =1, and thus:
E[(XF — Xy — di)*| Fr] = E[(X} — X0 Foma] — df = 1 — di.
The quadratic variation is (M), = Z(l —d?). Since di > 0, we have the uniform
k=1

bound (M),, < m. This implies E,[(M)?] < m?. Applying the BDG inequality,
we get

(A1) Eu[M,,] < Cym?®.
Drift Term: By Minkowski’s inequality for L*, we have
(Bal| D' <> (Balldi] )™,
k=1

The drift of the ultraspherical chain is known to be inversely proportional to its
position, satisfying |dy| < Co(X, + 1)~ for a constant Cy(cr). Furthermore, for
a random walk with positive drift starting from a < mT, the inverse moments are
controlled. Note also that for any p > 0, there exists a constant C3(p,T') such that
Eo[(Xg | +1)7P] < Csk™P/2. Setting p = 4, we obtain

(A.2) Ealdy] < C4Eo[(Xg_y +1)7") < Csk 72,

where Cy and C5 are constants depending on o and T'. Taking the fourth root gives
(Eq[di])/* < Cgk™1/2. The sum is bounded by an integral: Zkilﬂ < C7v/m.

k=1
Thus,

m

(A.3) (Ba[Dp )V <> Cek™/? < Csv/m,

k=1
which yields E,[D2 ] < Com?, where the constants depend on o and 7.
Combining the two bounds, we find

(A.4) Eu[(X2 — a)*] < 8(Cym? + Cym?) < Crm?,
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where C7 is a constant dependent on « and T'. This concludes the proof. O

APPENDIX B. EXPRESSION OF THE POTENTIAL USING LEGENDRE FUNCTIONS

In this section we prove Equation In fact, the A-potential can be expressed in
terms of hypergeometric functions.

Proposition B.1. The A-potential Uy is given by the following integral represen-
tation:

1 NHa )0 (2
(B.1) U (n,m) = wy, Mdua(x).

Proof. Let us revisit the integral representation of (P*)™ given by Equation
1

(P ) =ty [ ¥ Qaw)Q5 (0)dn" (o)

-1

We distinguish two cases based on whether A > 0 or A = 0:
Case 1: A > 0. Substituting Equation (B.1]) into the definition, we get

1
=Y e Wag / RACACLABIAE

N>0

=ZeWM/ Q5 () Q5 () ().

N>0

For z € [~1,1], |[ze™| < e < 1, so the series converges uniformly:
1
Z e MgV = — —
1—ze
N0

Since Q5 (x)Q4,(x) is bounded on [—1,1] (as ultraspherical polynomials are con-
tinuous and |Q% (z)] < Q% (1) = 1 for normalized polynomials), and p* is a finite
Qnlx )Q“( )
1—we
interchange is justified, yielding

measure, the integrand is integrable. By uniform convergence, the

U ) =i, [ DL (),

Case 2: A =0. For A =0, we have

(nym) = 3w /N@a Q5 (2)dp” ().

N>0

We aim to show:

Us(n,m) = wp, / Qalf:()duo‘(x).
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1
For |z| < 1, Z N = 1= Near z = 1, Q% (z)Q% (z) ~ 1, since Q%(1) = 1.
—x
N>0
Choose z¢ € (0,1) such that Q5 (z)Qn,(x) > 0 for x € [z¢,1]. For x € [x¢,1), the
series Z N Q% (2)Q% () is increasing and converges to w By the
—x
N>0

monotone convergence theorem, since z™¥ Q% (2)Q%, (x) > 0, we interchange

/IZINQQ /Qal_;‘ )4 1 ().

0 N>0
(0%
For x € [—1,x], the series converges absolutely. The integrand # is
integrable, as the measure pu® (with density (1 — 22)**/2 for @ > —1/2) ensures

convergence near x = 1 for « > —1. Thus:

Usi(n,m) = wy, / Qalf:()d,ua(x).

This completes the proof. ([l
Proposition B.2. For A > 0 and n > 0, the A-potential is given by

U (n,0) = 2°T(2a+2) T'(n+ )Il'(n+a+1) e~
A= a1 T(2n+20+2)  (1+er)att

-

2
(B.2) ~F(n+1,n+a+1;2n+2a+2;lfﬁ)

Proof. From Equation we have:
boQu ()

11— xze

Uil (n,0) = w (1 — 2?)*d.

Using Equation [2.2] we can write

U (n,0) 2n(a+<1;1)"(a+n)wg /_11 ;;(lie/\)(l ~ ) da.

By integrating this expression n times by parts, we obtain

US(n,0) nle " wi /1 n(1—g2) (1 —ge )71
= "(1—x —ze .
AT 2 (a+ 1) (a+n)(1+eM)ntl ||

With the change of variable x = 2y — 1, this becomes

N n!ef)\nwoz 22n+2a+1 1 . e 267)\y —n—1
US(n,0) = 0 e e (1— ) ay.
0

(a+1) - (a+n)(l+e 1+eA
2—)\
Weputa=n+1,b=n+a+1, c=2n+2a+ 2, andzzlfﬁ. Using the
e

definition of F'(a, b;c; z), we write
L'I'(c—0b)

F(a,b;c;z) = T

1
/ y (L= ) PN — y2) T dy.
0
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Substituting these terms into the integral, the A-potential becomes

nle A wg I'(n+a+1)2
(a4 1) (a+n)(1+e M) T(2n+ 20+ 2)
which is the desired result. (]

Uy (n,0) = F(a,b;c; 2),

For specific parameter values, hypergeometric functions can be expressed in terms
of Legendre functions. This final expression allows us to deduce asymptotic prop-
erties of ultrametric chains using known results for Legendre functions.

Corollary B.3. [AS65] Fora >0 and b > g, we have

2261 (b 4+ 1),=b(1 — 23 (a—b) 92—
(B.3) Fla, b; 2b; 2) = ( 2)13 (l—2z)=mn QZ:T ( z) .
72'(2b — a) z

Proposition B.4. The A-potential is given by
27°T(2a+2)I'(n+1) AMat+)
Fla+1DI'(n+2a+1)

(B4)  UX(n,0) = (1—e ) 2emmegn ()

Y
Proof. By puttinga =n+1,b=n+a+1,and z = 1_;37_/\ directly into Equation
e

IB.3l we get

Fn+ln+a+1,2n+2a+2, —)
1+e?

22n+2a+21"(n+a+%) <e)\+1)n+a+l (1_6_,\)a/2 Cinage (Y
e (&

(m)3i0(n+2a + 1) 2 14e? e
1
Recall the property of the Gamma function I'(z)'(z+ 5) = 2172273 (22). Putting

r=n+a+1 we yield
3 on—9a—1_1T(2n+2a + 2)
T Zy=2 2n—2a—1 )
(n+a+2) 2 TntatD
Using Equation we know that for A > 0 and n > 0, the A-potential is given by
2704F(20[ + 2)F(n + 1) 6/\(a+1)
Nla+1DI'(n+2a+1)

U)?‘(n,O) — (1 . 672)\)a/267i7raQa (6)\)

n—+ao
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EDITOR’S COMMENTS

This paper studies a family of random walks on the non-negative integers whose
transition probabilities come from the recurrence relation of ultraspherical (Gegen-
bauer) polynomials, and proves two main results: the rescaled chains converge to
a Bessel process of dimension d = 2a + 2, and the rescaled first exit time from an
interval converges to the exit time of that Bessel process. The nice contribution here
is taking an older result of Claude George, which only described the chain at a single
large time, and strengthening it to a statement about the whole path of the process.

The proof uses the standard and correct approach—establishing tightness and
then convergence of the finite-dimensional distributions—and the exit-time result is
handled with a separate, well-chosen method based on building martingales from
the special functions and applying the optional stopping theorem. The supporting
work, such as the fourth-moment bound and the Legendre-function asymptotics, is
demanding analysis for this level and is carried out carefully. Because the questions
are inherited from George’s work, the main strength is in the execution and in com-
bining special-function asymptotics with convergence techniques. This is a polished,
single-author paper comparable to an undergraduate thesis.
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