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ABSTRACT. In this paper, we have introduced and studied two new subdi-
vision rules of triangles using incenter, namely, inward and outward binary
incentric subdivisions, alongside the existing senary and ternary incentric
subdivisions. To this end, we have used iterated function systems to establish
approximation, convergence and denseness theorems in metric spaces as the
main tools to study how diverse the shapes of the descendant triangles are
upon repeated subdivisions of triangles using these old and new rules.

In the inward binary case, we have proved that the descendant triangles
are dense in the space of triangles, similar to the senary case. We have also
proved the distinctive behavior of the inward binary descendants that, in
contrast to the senary case, they are spread over the space of triangle more and
more evenly as subdivision keeps going, which is characterized by the weak
convergence of their empirical measures to the uniform probability measure
on the closure of the space of triangles.

In the outward binary case, we have proved that the descendant triangle
branches all converge to a rather limited choice of triangles, similar to the
ternary case. We have also followed up on connections between the ternary
case and the Sierpinski triangle through formulating an old observation in
precise terms and proved it.

We have also generalized both inward and outward binary incentric subdi-
visions to quasi-incentric subdivisions, and discovered that they preserve well
the behaviors of the descendant triangles in their incentric counterparts.

KEYWORDS. Incenter, Incentric Subdivision, Triangle Subdivision, Iterated

Function Systems, Empirical Measure, Uniform Measure, Banach Fixed-Point
Theorem, Sierpinski Triangle
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1. INTRODUCTION

1.1. Background. Investigations into various aspects of successive subdivisions
of triangles using triangle centers have attracted significant interest among math-
ematicians in recent years (see, for instance, [6], [7], [8], [11], [12] and [14], and
[5] for a good reference list) since I. Bardny, A. F. Beardon and T. K. Carne have
answered a question of V. Stakhovskii with the following theorem (see [1]):

Theorem 1. (Barycentric subdivision) The descendants of a triangle gen-
erated by successive barycentric subdivisions approximate arbitrarily closely any
given triangle.

Starting with any initial triangle as the ancestor triangle, take the barycentric sub-
division to obtain six daughter triangles (see Figure 1), then take the barycentric
subdivision of each of these daughter triangles to obtain thirty-six granddaughter
triangles and so on (see Figure 2). It is natural to ask how diverse the shapes
of the descendant triangles are, up to similarity. The space of triangles used was
constructed by representing each set of mutually similar triangles as at most six
complex numbers in the upper half-plane H = {z € C : Im (z) > 0}. Then through
iterations of Mobius maps, the complex numbers representing the descendant tri-
angles were generated, then were proved to approximate arbitrarily closely the
complex numbers representing any triangle.

FIGURE 1. FIGURE 2.

It is then natural to try incenter in place of centroid, as S. Butler and R. Graham
did with the following theorem (see [3] and [4]):

Theorem 2. (Senary incentric subdivision) The descendants of a trian-
gle generated by successive senary incentric subdivisions approximate arbitrarily
closely any given triangle.

and with the following observation (see [3]):

Theorem 3. (Ternary incentric subdivision) The descendants of a trian-
gle generated by successive ternary incentric subdivisions approximate arbitrarily
closely any given Sierpinskian triangle, which means a triangle represented by a
point in the Sierpinski triangle in the space of triangles.

The meanings of ‘senary’, ‘ternary’ and ‘incentric’ as we introduce here are literal:
a senary incentric subdivision cuts a triangle into six daughter triangles by the
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three angle bisectors (see Figures 3 and 4), and a ternary incentric subdivision
cuts a triangle into three daughter triangles by the three angle bisectors truncated
at the incenter (see Figures 5 and 6). The space of triangles used was the open
equilateral triangle

P={(z,9,2) ER® : z+y+z=m2>0,y>0,2>0}

sitting in the Euclidean space R?, in which each triangle with angles a, 3, is rep-

resented as at most six points (a, 8,7),(a, 7, 8),(8, @, 7),(8,7, @),(v, @, B),(7, B, ),
and the descendant triangles were generated through iterations of linear maps on

A

FIGURE 3. FIGURE 4.
FIGURE 5. FIGURE 6.

1.2. Main Results. We now introduce two more incentric subdivision rules and
their variants which, as far as we know, are new. We state our findings about them
in conceptual forms first, and will re-state in precise terms in latter sections until
we are ready to do so.

The inward binary incentric subdivisions begin with cutting an initial triangle into
two daughter triangles by an angle bisector (see Figure 7). Each daughter triangle
is cut into two granddaughter triangles by the angle bisector of its common angle
shared with its mother triangle (see Figure 8), then each granddaughter triangle
is cut into two great-granddaughter triangles by the angle bisector of its common
angle shared with its mother triangle and so on (see Figures 9 and 10).

We discovered that, similar to senary incentric subdivision, the diversity of the
shapes of the descendant triangles are extremely high:
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FIGURE 7. FIGURE 8.
FIGURE 9. FiGURE 10.

Theorem 4. (Inward binary incentric subdivision) The descendants of a
triangle generated by successive inward binary incentric subdivisions are dense in
the space of triangles.

Moreover, we also discovered that as subdivision keeps going, the descendants are
spread over the space of triangles more and more evenly. This creates a unique
phenomenon that can be characterized in terms of weak convergence of measures:

Theorem 5. (Inward binary incentric subdivision) The sequence of em-
pirical measures of the descendants of a triangle generated by successive inward
binary incentric subdivisions converges weakly to the uniform probability measure
on the closure of the space of triangles.

Theorems 4 and 5 will be re-stated in precise terms and proved in Section 3.
Theorems 2 and 3 will also be re-stated in precise terms and re-proved using the
approach similar to Theorem 4 in Sections 4 and 5.

The outward binary incentric subdivisions also begin with cutting an initial triangle
into two daughter triangles by an angle bisector (see Figure 11). But this time, each
daughter triangle is cut into two granddaughter triangles by the angle bisector of its
angle opposite to its common side shared with its mother triangle (see Figure 12),
then each granddaughter triangle is cut into two great-granddaughter triangles by
the angle bisector of the angle opposite to its common angle shared with its mother
triangle and so on (see Figures 13 and 14). We discovered that, similar to ternary
incentric subdivision, the diversity of the shapes of the descendant triangles are
extremely low (see Figures 47 to 56):
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FIGURE 11. FIGURE 12.
FIGURE 13. FIGURE 14.

Theorem 6. (Outward binary incentric subdivision) Every branch of a
triangle generated by successive outward binary incentric subdivisions converges:

(a) If the cuts is a zigzag, then among the three angles of the limit triangle,
one angle is in common with the initial triangle, and one of the other two
angles is double of the third angle.

(b) If the cuts is eventually a zigzag, then among the three angles of the limit
triangle, one angle is in common with the last daughter triangle before the
zigzag started, and one of the other two angles is double of the third angle.

(c¢) In all other cases, the limit triangle is the isosceles right-angled triangle.

Theorem 6 will be re-stated in precise terms and proved in Section 6.
The space of triangles to be used will be the open isosceles right-angled triangle

']I‘:{(J:,y)ERQ:x+y<7r,x>0,y>0}

sitting in the Euclidean plane R2, in which each triangle with angles «, 3, will
be represented as at most six points (o, ), (8, ), (a,7), (v, a), (8,7), (7, 5), and
the descendant triangles will be generated through iterations of affine maps on R2.
Besides, we also generalized inward and outward binary incentric subdivision to
inward (see Figures 15 to 18) and outward (see Figures 19 to 22) binary r-quasi-
incentric subdivisions respectively, through replacing angle bisectors by cevians
that divide angles into a fixed ‘directed’ ratio r : s, wherer+s=1and 0 < r,s < 1.
We discovered that such generalizations preserve well the behaviors of descendant
triangles as expressed in Theorems 4 and 6:
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Theorem 7. (Inward binary r-quasi-incentric subdivision) The descen-
dants of a triangle generated by successive inward binary r-quasi-incentric subdi-
visions are dense in the space of triangles.

Theorem 8. (Outward binary r-quasi-incentric subdivision) Every branch
of a triangle generated by successive outward binary r-quasi-incentric subdivisions
converges:

(a) If the cuts is a zigzag, then among the three angles of the limit triangle,
one angle is in common with the initial triangle, and the other two angles
are in the ratio 1 : 7 or 1 : s.

(b) If the cuts is eventually a zigzag, then among the three angles of the limit
triangle, one angle is in common with the last daughter triangle before the
zigzag started, and the other two angles are in the ratio 1 : ror 1: s.

(¢) If the cuts is not a zigzag nor eventually a zigzag, then the limit triangle
is a right-angled triangle, and the other two angles are in the ratio r : s.

Theorems 7 and 8 will be re-stated in precise terms and proved in Section 7.

1.3. Outline of Paper. In Section 2, we will build useful tools with contraction
maps on metric spaces. In Sections 2.1 and 2.2, we will recall J. E. Hutchinson’s
work (see [9]) on invariant sets and invariant measures of iterated function systems.
Taking inspirations from his work, we will build three tools in Theorem 10 about
approximation, convergence and denseness in complete metric spaces. In Section
2.3, we will build another tool in Theorem 11 which can produce convergence results
when the Banach fixed-point theorem might not fit. In Section 2.4, we will recall
how contractivity of affine maps on Euclidean spaces is related to matrix norms.
In Section 3, we will discuss the inward binary incentric subdivision. We will
construct an iterated function system on the Euclidean space R? that generate
the descendants. Then, Theorem 4 will follow from Theorem 10 through showing
that T is the invariant set. After that, we will use the weak convergence theory
in Section 2.2 to generate the empirical measures of the descendants and to prove
Theorem 5 through showing that the uniform probability measure on T is the
invariant measure of the iterated function system.

In Sections 4 and 5, we will discuss the senary and the ternary incentric subdivi-
sions. We will construct iterated function systems on the affine subspace containing
P in the Euclidean space R? that generate the descendants. Then, Theorems 2 and
3 will follow from Theorem 10 through showing that P and the Sierpinski triangle
are the invariant set of the respective iterated function system.

In Section 6, we will discuss the outward binary incentric subdivision. We will
construct division maps on the Euclidean space R? that generate the descendants.
We will prove Theorem 6(a)—(b) using Theorem 9. After that, Proposition 12 will
motivate Theorem 6(c), which will then be proved using Theorem 11.

In Section 7, we will generalize Theorems 4 and 6 to quasi-incentric subdivisions.
We will prove Theorems 7 and 8 in similar ways as Theorems 4 and 6.

2. CONTRACTION MAPS ON METRIC SPACE
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2.1. Invariant Set of Iterated Function System. Consider a complete metric
space (X, d) with a finite set of contraction maps S = {S1,...,Sn} on it, i.e., there
exist constants Ry, ..., R, € [0,1) such that fori =1,...,m,

(1) d(S; (x),8i (y) < Rid (z,y), z,y € X.

The set S is called an iterated function system on the complete metric space (X, d).
If the system has just one contraction map, then we have (see [10]):

Theorem 9. (Banach fixed-point theorem) Suppose (X,d) is a complete
metric space and T is a contraction map on X. Then, T has a unique fixed point
x*. Moreover, if g € X, then d (T™ (o) ,2*) — 0 as n — oo.

The Banach fixed-point theorem will be used to prove Theorems 6(a)—(b) and 8(a)—
(b), and will now be used to establish powerful tools to prove many other results
in this paper.

Hutchinson considered the set B (X) of all non-empty closed bounded subsets of
the metric space X and endowed it with the Hausdorff metric dy : B (X)x B (X) —
[0,00) defined by

(2) dp (A, B) = max {supd(b,A)7 supd(a,B)},

beB a€A
where d(z,U) = infyepd(z,u) for x € X and U € B(X). By showing that
(B(X),dn) is also a complete metric space and that S : B(X) — B(X) defined
by

) s =Us: ()

is a contraction map on B (X) with respect to the Hausdorff metric dy, one can
then apply Theorem 9 to obtain a unique fixed point K € B (X) of the contraction
map S, i.e.,

m

(4) K=S(K)=US¢(K),

and that for any A € B (X),
(5) dp (S™(A),K) = 0 as n — oo.

The compact subset K € B (X) characterized by (4) is called the invariant set of
the iterated function system S. We now apply Hutchinson’s theory to build our
first tool that will be used to prove Theorems 2, 3, 4 and 7:

Theorem 10. (Metric properties of invariant set) Suppose (X,d) is a com-
plete metric space and S = {S1,...,Sn} is a finite set of contraction maps on X
satisfying (1). Then, the compact subset K € B (X) characterized by (4) possesses
the following properties:

(a) (Approximation) Suppose zg € X and z € K. Then, for any € > 0,
there exist n € N and iy,...,4, € {1,...,m} such that

(6) d(Z,Sil "'Sin (.130)) < €.



56 K. L. A. HUANG, I. B. LEE, C. L. LO, L. H. QIAO AND C. L. WONG

(b) (Backward iteration) Suppose xp € X and z € K. Then, there exists
a {1,...,m} sequence (i,).., such that the backward iterates

(Siy =+ S, (%0))pey
of xy converges to z:
d(S;, -+ Si, (o) ,2) = 0 as n — oo.
(c) (Denseness) Suppose zg € K. Then, the set
(7) {Siy -+ S, (o) : n €N, dy,...,0p € {1,...,m}}
consisting of all iterates of xg under S is a dense subset of K.

First proof of Theorem 10(a)

Proof.  Let R = max{Ry,..., Ry} € [0,1) and M = sup,¢ d(xo,y), which is
finite as K is bounded. Then, there exists n € N such that R"M < e. Applying
‘K C S(K) in (4) repeatedly, there exist i1,...,i, € {1,...,m} and x1,...,2, €
K such that
(8) z = Sil (581), T = 51'2 (1132) , Lo = Sig (5(33) g ey Ip—1 = Sln (xn) .
Then, applying (8) and then (1) repeatedly, we have

d(z,5i, -+ S, (xo)) = d(Si, -~ Si, (xn) Sy -+ S, (w0))

< Riyd(Siy -+ Si, (xn), Siy -+ i, (20))

< R;, - Ry, d(zpn,x0)
<R"M < e. [ ]

Second proof of Theorem 10(a) by using (5)

Proof. By (5) with A = {x¢}, there exists n € N such that

(9) dy (8™ (z0) , K) < e.
By (2) with A = 5™ (xp) and B = K, we also have
(10) (2.5" (20)) < sup d (2. 5" (z0)) < dit (5" () ).

Combining (9) and (10), we have
d(z, 5™ (20)) <&,

but then as S™ (z9) = {S;, - -+ Si,, (®0) : 91,...,0n € {1,...,m}} is just a finite set,
it follows that there exist i1,...,4, € {1,...,m} such that

d(Z,Sil'“Sin (3?0)) < €. |

Proof of Theorem 10(b)
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Proof. Let R =max{Ry,...,Ry} €[0,1) and
M =sup ({d(zo,y) : y € K} U{d (20,5 (0)) : i=1,....,m}),

which is finite as K is bounded. The required sequence (i,,).., can be constructed
by applying the method in the first proof of Theorem 10(a) repeatedly. First, there
exist ny € N, 4q,...,4,, € {1,...,m} and z; € K such that z = S; e Si, (x1)
and

d (Z, Sil e Sinl (xo)) S RnlM

Next, there exist ng € N, iy, 41,...,0n, € {1,...,m} and 25 € K such that ny > nq,
Tr1 = Si -5 (Jiz) and

ny+1 ing
d (Z, Sil e Sin2 (CL'())) S anM.

Inductively, for each kK € N with k£ > 1, there exist ny € N, 45, ,41,...,%n, €
{1,...,m} and z € K such that ny > ng_1, xx_1 = 5; -+ S (x) and

ng—1t1 iny,
d (z Siv - S (xo)) < R™ M.

Now, for each n € N, pick the greatest nj constructed above such that n; < n,
then we have

d (Z, Sil s Sin (.’170)) < d (Z, Si1 s Sink (Q’Jo))
+d (Sz'l S, (@0) s Siy e+ Siy ($0)>
4+ d(Siy - Sin_y (20),Siy -+ S, (20))
< R M + R d (20,55, ., (v0) )

+ -+ R"Yd (w0, S, (70))
<R™M+R"“M+---+R"'M
< R M 4+ R™M + - -

R™'M

R — 0 as n — oo. |

Proof of Theorem 10(c)

Proof.  Applying ‘K D S (K)’ in (4), we have

thus if ¢ € K, then (7) is a subset of K, and then its denseness in K follows from
Theorem 10(a). [ |



58 K. L. A. HUANG, 1. B. LEE, C. L. LO, L. H. QIAO AND C. L. WONG

2.2. Invariant Measure of Iterated Function System. Given an iterated
function system S = {Si,...,S5,,} on a complete metric space (X,d), Hutchin-
son also considered the set P (X) of all Borel regular probability measures with
compact support on the metric space X and endowed it with the Wasserstein-1
metric (see [13]) Wy : P (X) x P (X) — [0,00) defined by

) W) =sw {Eu ] - B[] feC(X), Il <1},

where C (X)) is the set of all real-valued continuous functions on X that are bounded
on bounded subsets of X and || f[|1;, is the Lipschitz constant of f. By showing that
(P (X),W;) is also a complete metric space (see [2]) and that & : P (X) — P (X)
defined by

(12) D)= =Y oSt

is a contraction map on P (X) with respect to the Wasserstein-1 metric Wy, one can
then apply Theorem 9 to obtain a unique fixed point k € P (X) of the contraction
map P, i.e.,

1 m
1 =d (k)= — —1
(13) k=20 (k)= — ?:1 KoSi,

and that for any u € P (X),
(14) Wi (" (), k) = 0 as n — oo.

The probability measure x € P (X) characterized by (13) is called the invariant
measure of the iterated function system S, and is supported on the invariant set
K in (4). Moreover, Wi metrizes the weak convergence

Mn — [t a8 N —> 00

of probability measures in the space P (X)) (see [13]), which is, by the Portmanteau
theorem (see [2]), equivalent to that

(15) liminf 1, (U) > p(U)

n—oo

for all open sets U C X.
Third proof of Theorem 10(a) by using (15)

Proof. Take x € X and p = 60, in (12), and let T be a self-map of X and
A C X be any Borel set. By the definition of preimage, x € T~ (A) if and only if
T (z) € A, thus

0z © T = 6T(:c)

Now, define p19 = 05, and pp, = @ (un—1) for n € N using (12). By (12),

1 — PR 4 1 &
m=(po) = —> oSt =—% b 08 =—3 b5
=1 i=1 =1
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and, inductively,

P = P (fhn—1) Z/ln 10 S !
1 — 1 .
= m Z mn—1 Z 551'1"'51‘,1,1(960) ° Si
i=1 i1yeeyin—1€{1,...,m}

1™
= W Z Z 6SiSi1~-Sin71($0)

i=141,...,in,—1€{1,...,m}

1
(16) = mn Z 651'1"'31'" (z0)"
i1,in €{1,...,m}
By (14), we have p, — k as n — oo. For each € > 0, let U = B (z,¢) which is
the open ball with center z and radius €. Since z € K on which k is supported,
% (U) > 0 by the definition of support, then by (15), there exists n € N such that

U
a7) pa () > r () - D KO
which means that there exist 41, ...,4, € {1,...,m} such that s, ...s;, (z0) (U) >0,
ie. (6). |

2.3. Joint Contraction Maps with Common Fixed Point. Here we build our
second tool that will be used to prove Theorems 6(c) and 8(c):

Theorem 11. (Convergence theorem for joint contraction maps with
common fixed point) Suppose (X,d) is a metric space and T} and T5 are two
joint contraction maps on X, in the sense that there exists a constant R € [0,1)
such that for (i,7) = (1,2),(2,1) and k,l € N,

(18) d (TFT; (x) , T T} (y)) < Rd(2,y), =,y € X.

Suppose o € X and I = (i), is a {1, 2} sequence consisting of infinitely many
1s and infinitely many 2s. If 77 and 75 have a common fixed point z*, then

(19) d(T;

n

Ty, (x0),2") = 0 as n — oo.

Proof.  Consider the sequence J = (jy, ), defined by
Jn =Y ik —ix-1l,
k=2
which keeps track on the number of changes as one walks along I. Let i = iy,
j€{1,2}\ {i1} and m € N such that j,, = 0 and j,,4+1 = 1, we have

sz(x> ) jnzo

(T TTT) (@) =]

(Ti - TTy - T3) (T (x)) 5 Jn =2

T Ty (z) = (T; - T;T; - T3) (Ty - T;Ti - Ty) () . jin=3
(Ti- - TTy- - T;) (T - - TiT; - - Ty) (T (), jn =4
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thus by that T} (z*) = * = T, (2*) and applying (18) repeatedly, we have
d(Ty, - Ty (x0) ,27) = d(Ty, - - Tiy (w0) , T, -+ Ty (27))
< R0 masc {d (vo,2%) (T (20) 7" ()}
— 0 as n — oo. ]

n

2.4. Contractive Affine Maps and Matrix Norms. Consider a normed vector
space (R™,]|-]|). The matriz norm ||A|| of an n x n real matrix

a1 ai2 -+ Q1n
az1 Q22 *°° QA2n
A=
an,1  Qn,2 ccr Qpon
induced by the vector norm ||| is defined as

[All = sup {[|Au| : u € R", [[ul| =1},
and that it is compatible with the vector norm that induced it, i.e.,
[Ax| < [[All[lx]], x € R™.

Also, a matrix norm ||-|| is said to be sub-multiplicative if

[AB|| < Al B]l-
In this paper, we will use affine maps T : R®™ — R"™ defined as

z1

x=|!|~T(x)=b+Ax,
Tn

where b € R™, to represent subdivisions of triangles. We shall call b the con-
stant part and A the matriz part of the affine map T. If ||A|| < 1, then by the
aforementioned compatibility,

1T (%) =T (y)ll = [[(b+ Ax) — (b + Ay)||

=[[A(x=y)ll
< |l =yl

and the affine map T will be contractive. Matrix norms that we will use are the

matrix 1-norm
n
|All, = maX{Z |a |+ J = 1,2,...,n}

i=1
induced by the vector 1-norm |[|x||, = >, |#;|, and the matrix 2-norm

[A]ly = y/ Amax (AT A)

induced by the vector 2-norm ||x||, = /> 1, |z;]*. Moreover, both matrix norms
are sub-multiplicative.
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3. INWARD BINARY INCENTRIC SUBDIVISION

To perform inward binary incentric subdivisions, construct division maps as the
following invertible affine maps C;,C5 : R2 — R? defined by

X = [ﬂ —Ci(x)=c+M;x, i=1,2,

with constant and matrix parts
s 1 _1 i _1
e IR R I S PRV e {
2 T2 2 2 T2
To understand their effects, note that the representation (ZCAB,ZABC) € T
of any triangle AABC induces an orientation ZCAB — ZABC — /ZBCA or
CA — AB — BC on its angles or sides. If q = (a, 8) € T represents a mother

triangle with angles «, 5,7, then as we represent the first and the second daughter
triangles as

respectively (see Figure 23),

(i) the unmentioned angle « in the representation q of the mother triangle will

be the angle to be cut,

(ii) both daughter triangles take the reversed orientation on angles or sides as
the mother triangle,

(iii) the daughter triangles Cy (q),C2(q) will share the common angles «, 8
respectively with the mother triangle, and

(iv) these two angles will be cut in the next subdivision, making it an inward
subdivision.

FIGURE 23.

To motivate Theorems 4 and 5 where the descendants are dense in T and their
empirical measures approach the uniform measure on T, Figures 24 to 35 show
some n-th generation descendants of the triangle (g—g, ;—g, %) plotted in P.

Here we re-state Theorem 4 in precise terms and prove it:
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FIGURE 24. n=1 FIGURE 25. n =2

FIGURE 26. n =3 FIGURE 27. n=4

FIGURE 28. n =5 FIGURE 29. n =6
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FIGURE 30. n=7
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FIGURE 32. n =9

FIGURE 34. n =11

FIGURE 31. n =8

FIGURE 33. n =10

FIGURE 35. n =12
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Theorem 4. (Inward binary incentric subdivision) The descendants of a
triangle generated by successive inward binary incentric subdivisions are dense in
the space of triangles. More precisely, starting with any initial triangle qg € T, the
set

(20) {Ciy -+ Ciy (@) s nEN, in,... i € {1,2}}
consisting of all iterates of qg under
(21) C ={C1,Cs}

is a dense subset of T.

Proof.  First, we show that (21) is an iterated function system on R2. Indeed, by
direct computations,

T % O 2 1 .
Mi M; = 0 11> ||MZ||2:§7 i1=1,2,
2

thus, for i € {1,2}, since C; is an affine map with matrix part M;,
d(Ci(x),Ci(y)) =M (x=y)l,
< Ml [[x =yl
1

(22) = ﬁd(x,y), x,y € R%.

Next, we show that
(23) C1 (T)UC, (T) =T

Indeed, since C,Cy are affine maps and T is a triangle, C} (T) ,Co (T) are the
triangles with vertices

(o) =& e (D -bl- o (D-F
(o)) -2 e (l)-F] ()-6

respectively (see Figure 36).

Cy(T)

Cy(T)

FIGURE 36.

By (22), (21) is an iterated function system on the complete metric space R2.
Starting with any initial triangle qo € T C T, by (23) and Theorem 10(c), (20) is
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a dense subset of T. Since C1,Cy : T — T and qo € T, (20) is actually a dense
subset of T. [

Here we re-state Theorem 5 in precise terms and prove it:

Theorem 5. (Inward binary incentric subdivision) The sequence of em-
pirical measures of the descendants of a triangle generated by successive inward
binary incentric subdivisions converges weakly to the uniform probability measure
on the closure of the space of triangles. More precisely, starting with any initial
triangle qo € T, the sequence (i), , of empirical measures of the n-th generation
descendants defined by

1
(24) Hn = 55 Z 6Ci1"'cin(q0)

2n
i1 ein€{1,2}

converges weakly to the uniform probability measure p* on T.

Proof.  We have already shown that (21) is an iterated function system on the
complete metric space R?, thus the required weak convergence will follow from (14)
through taking xo = qp in (16) and checking that @ (u*) = p*. For any Borel set
AcC R?, by the definition of uniform probability measure and that p* is supported
on T, we have B

AANT

u ()= 2400
A(T)

and by noting that A (AN C, (T)) N (AN Cy (T))) < A(C1 (T) NG (T)) = o,

we have

AMANC (T)) +A(ANC, (T))

AM(ANCy (T))u(ANC2 (T)))
(AN (€1 (D) U Cs (T)))

=
M(ANT).

1
-3

CHANT =G (A)NCTH (Ci(T)) = 67 (AN (Ci (T))) -

Therefore,

Also, as each Cj is an invertible affine map with det M; = we have

1<)‘(Cll AN (G (T)))) |, MG (AN (G (T))))>
2 A

T) " A (T)

( det (M) [ A (AN (C1L(T))) _ |det (My ) [ A (AN (Co (T)))>
A

AT) AT)
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and p* is the fixed point of @ as required. |

4. SENARY INCENTRIC SUBDIVISION

To perform senary incentric subdivisions, construct division maps as the following
invertible linear maps A1, ..., Ag : R3 = R3 defined by

X = |:;:| HAi(X):KiX, KZ:EZK()E“ izl,...,ﬁ,

where
%oo 1 0 0] 1 0 0] [0 1 0]
K0:§O%,E1:010,E2:001,E3=100,
01 1 0 0 1 0 1 0 0 0 1
[0 1 0] [0 0 1] 0 0 1]
Es=10 0 1|, Es=1|(1 0 0|, Es=|0 1 0
1 0 0] 0 1 0 1 0 0

To motivate Theorem 2 where the descendants are dense in P, Figures 37 to 38
show some n-th generation descendants of the triangle (57, 2%, ) plotted in P. In
fact, Butler and Graham [3] mentioned that there exists a limiting distribution of
the senary daughters, and produced histograms to approximate it. Figure 39 shows
a similar histogram that we produced in higher resolution. Our histogram has been

darkened on a log scale, to better illustrate the denseness of the descendants in P.

FIGURE 37. n=4 FIGURE 38. n =16

Here we re-state Theorem 2 in precise terms and prove it:

Theorem 2. (Senary incentric subdivision) The descendants of a trian-
gle generated by successive senary incentric subdivisions approximate arbitrarily
closely any given triangle. Indeed, they are dense in the space of triangles. More
precisely, starting with any initial triangle qg € P, the set

(25) {Ai, Ay, () : n €N, iy, in€{1,...,6}}
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FIGURE 39. n = 11 (histogram)

consisting of all iterates of qg under
(26) A={Ay,..., A}
is a dense subset of P.

Proof.  First, we show that (26) is an iterated function system when restricted
to the affine subspace

(27) V={(z,y,2) R’ : z+y+2z=m}
%

taking orthonormal basis

SILSL
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for the linear subspace
(28) W= {(z,y,2) ER® : z+y+2=0}

of R3. Then, every zi+yj+zk € V admits a unique representation a+2'i'+3'j’ € V,
with change of coordinates given by

(29) x=a+Q"x,
(30) x'=Q(x—a),
where

X x,
(31) x=|y ,X'H,a
z Y V6

wRwRwWy
O
Il
L — |
SIS
SIS

0 10
T _
And then, in (2/,y) coordinates, as
A;(x) = Q(Ai(a+ Q™X') —a) = (QK;a — Qa) + (QK;Q")x/,
we can rewrite each A;|, : V=V as
/
x' = B,} —al + K/x/,

where
a] = QK;a— Qa, K| = QK,Q".

By direct computations,

_0 V3 [ 0 _ 3
K{: V3 6 5 Kil’): V3 6 s
1> 0 -3 0
N PR , (1 53
=10 _‘0’1]7 Ks=1hk 7|
L 2 |74 1
B S o[-l VB
Ki=|y 45 K= 1 } ’
|7 "1 L 2
1T - 1T —% 0
K Klsz K3: 0 Ll|-
L 12
(1 V3
Ky Ky =K K= | J ]
|6 12
K"K, = K"K}, =
L 12




INCENTRIC SUBDIVISIONS OF TRIANGLES AND ITERATED FUNCTION SYSTEMS 69

As a result, for i € {1,...,6},

d(Ai (x),Ai (y) = | K (x = ¥)l,
< [IKilly Ix =yl

3
Next, we show that
(33) A (B)U---U A (P) =PF.

Indeed, since A, ..., Ag are linear maps and P is a triangle, A; (]17’) oo Ag (@) are
the triangles with vertices

[7] _g_ [0] [0 [0] _O]
A1 0 = % , A1 ™ =10 y A1 0 = % ,
10] 1 0] 10] | | 7| |5
[7] _%_ [0] (0] [0] _0}
AQ 0 =10 y AQ s = % y AQ 0 = |7,
10] |5 ] 10] |5 ] | 7| 10
[7] _O] [0] _g_ [0] -%]
Ag 0 =10 s A3 ™ = % s Ag 0 =10 s
10| ks 10 10 kg |5
[7] _%] [0] _g_ [0] _O}
A4 0 = % 5 A4 s =10 s A4 0 = (7T,
10] 10 10] |5 kd 10
[7] _7'&'] [0] _%_ [0] (0]
A5 0 =10 s A5 ™ =10 s A5 0 = g s
0] L0 0] 5 ] 7] 3 ]
[7] _g [0] [ [0] (0]
A6 0 = g 5 A6 ™ = 0 5 A6 0 = g
10] 10 10] 10 kd B

respectively (see Figure 40).

By (32), (26) is an iterated function system on the complete metric space V. Start-
ing with any initial triangle qo € P C P, by (33) and Theorem 10(c), (25) is a dense
subset of P. Since A;,...,As: P — P and qp € P, (25) is actually a dense subset
of P. ]

Remark. Compared to Butler and Graham [4], we have shown an explicit com-
putation of the Lipschitz constant ? using the matrix 2-norm.
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(A3(T)|Ay(T)

A4(T) Ay(T)

F1GURE 40.

5. TERNARY INCENTRIC SUBDIVISION

To perform ternary incentric subdivisions, construct division maps as the following
invertible linear maps By, Bo, Bs : R? — R? defined by

x = [“Z] — B; (x) = Lix, i=1,2,3,

where
1%% %00 3 00
L1:0§0,L2=§1%,L3:0%0
00 % 0 0 3 i 21

Let S C P denote the Sierpinski triangle in the closure of the space of triangles.
To motivate Theorem 3 where the descendants approximate Sierpinskian triangles
arbitrarily closely, Figures 41 to 44 show some n-th generation descendants of the
triangle (g—g, ;—g, %)

Here we recall Theorem 3 and prove it:

Theorem 3. (Ternary incentric subdivision) The descendants of a trian-
gle generated by successive ternary incentric subdivisions approximate arbitrarily
closely any Sierpinskian triangle, which means a triangle represented by a point in
S. Indeed, if the initial triangle is a Sierpinskian triangle, then the descendants are
dense in the Sierpinski triangle. More precisely, starting with any initial triangle
qo € SNT, the set

(34) {lean (qO) :neN, il,...,in€{1,2,3}}
consisting of all iterates of qy under
(35) B = {Bi, B>, B3}

is dense in S.



INCENTRIC SUBDIVISIONS OF TRIANGLES AND ITERATED FUNCTION SYSTEMS 71

FIGURE 41. n=4 FIGURE 42. n =6

FIGURE 43. n =28 FIGURE 44. n =10

Proof.  First, we show that (35) is an iterated function system when restricted to
the affine subspace V in (27). Using the R? structure on V and the change of coordi-
nates given by (29)—(31), in (2/,y’) coordinates, as B; (x) = Q (B; (a + QTa’) — a)
= (QL;a— Qa) + (QL;Q") x', we can rewrite each Bl : V— V as

/ x’ ’ 1o/
X = |:y/:| l—)bl—i—LlX,

where
bl = QLa - Qa, L\ = QLQ".

By direct computations,

1
5 0 2 1
L;: |:(2) %:| ; ||L;||2: 5, 'L:1,2,3.
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As a result, for ¢ € {1,2,3},

d(Bi (x),Bi (v)) = |Li (x = y)ll,

< Ll lIx =yl
b
V2

Next, that S is the invariant set of (35), i.e.

(36) =—d(x,y), x,yeV.

(37) Bi(S)U By (S)UBs(S) =S,

simply follows from how B;, Bo, B3 correspond to the well-known self-similarity of
S (see 45).

By(P) By(P)

FIGURE 45.

By (36), (35) is an iterated function system on the complete metric space V. Start-
ing with any initial triangle qo € SNT, by (37) and Theorem 10(c), (34) is dense
in S. ]

Remark. We can explicitly find the sequence of descendants that converges to
any given s € S from barycentric coordinates with respect to the vertices U (, 0, 0),
V (0,7,0) and W (0,0, 7) of S:

s = 0.ugususz ... U + 0.vqvgvs ... V + 0.wywows ... W,

where uy,, vp, w, € {0,1} and u, + v, + w, = 1 for all n. This is a well-known
property of S. Then, the backward iteration (B;, By, - -+ B;, (qo)),., constructed
by

1 if uk=1
k=14 2 if wv,=1

converges to s.
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6. OUTWARD BINARY INCENTRIC SUBDIVISION

To perform outward binary incentric subdivisions, construct division maps as the
following invertible affine maps D1, Dy : R?2 — R? defined by

X = |:;:| l—)Di(X):di—FNiX, i=1,2,

with constant and matrix parts

0 z 1 0 -1 -1
Sl R R R | FE s P
1 Rl (R B 0o
To understand their effects, note that the representation (ZCAB,ZABC) € T
of any triangle AABC induces an orientation ZCAB — ZABC — ZBCA or
CA — AB — BC on its angles or sides. If q = («a,8) € T represents a mother

triangle with angles «, 3,7, then as we represent the first and the second daughter
triangles as

respectively (see Figure 46),

(i) the unmentioned angle «y in the representation q of the mother triangle will
be the angle to be cut,

(ii) both daughter triangles take the reversed orientation on angles or sides as
the mother triangle,

(iii) the daughter triangles D; (q), D2 (q) will share the common angles «, 8
respectively with the mother triangle, and each will share a common side
with the mother triangle, and

(iv) the two angles opposite to these two common sides will be cut in the next
subdivision, making it an outward subdivision.

FIGURE 46.

To motivate Theorem 6(a)—(b) where the branches are converging to a limited
choice of triangles, Figures 47 to 52 show the effects of D7 and Ds. The green and
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red lines are the points in T of the forms

e r—8
] wa [F]
respectively.
Here we re-state Theorem 6(a) in precise terms and prove it:

Theorem 6(a). (Outward binary incentric subdivision; Pure iterations)

Every branch of a triangle generated by successive outward binary incentric sub-
divisions converges. In particular:

(a) If the cuts is a zigzag, then among the three angles of the limit triangle,
one angle is in common with the initial triangle, and one of the other two
angles is double of the third angle.

More precisely, starting with any initial triangle qo € T, the pure iterations con-
verge with

n (a7} m—Bo
DY (qo) — |:71'—040:| as n — oo, Dy (qo) — { 3 } as n — oo.

3 /80

Proof.  Let qin = [gl’"} denote DY (qo). Since DY (qo) = D1 (D} (qo)), we
1,n
have

Q1n| 0 1 0 A1n—-1| _ «p 0 0 Q1 n—1
S v Bl R 1) v B S R v

or simply q1,, = D} (qQ1,n,—1), where q1,0 = qo and D] (x) = d} + Nix is an affine
map with constant and matrix parts

(39) d; = [ﬂ‘_’zo} N} = [8 01} .
2

2
Note that D] is a contraction map with respect to ||-||; as

1D (%) = Dy (W)l = INT (x = y)ll;
IV DI = vl
1
(40) :EHxinlv Xay€R27

IN

thus by Theorem 9, q1,, converges to the fixed point xj of D7, which can be solved
by

(a1) xi = D (xi) = d} + Mix;
* — ]. 0 (6% «
(42) xi=(-Np~ =g 8[| <28
3 2 3

SimilarIY7 now let d2,n = [Zi’n] denote DS (qo) Since Dg (qo) = Dg (Dg_l (qO)),

3 -1 -1 Q2 n— 1B -1 0 Qg pn—
- {(Q)] - { 0 12} {Bzm—j - [ 6 ]* { 0 0} {B;n-j’

we have

w 5]
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Pure, Gen 0.png Pure, Gen 0.png

FIGURE 47. DY (T) FIGURE 48. DY (T)

Pure, Gen 2.png Pure, Gen 2.png

FIGURE 49. D? (T) FiGURE 50. D3 (T)

Pure, Gen 4.png Pure, Gen 4.png

FIGURE 51. Df(T) FIGURE 52. Dj(T)
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or simply q2,, = D5 (q2,,—1), where g2 9 = qo and D5 (x) = d5 + Njx is an affine
map with constant and matrix parts

d’ WEBU N/ _% 0
SFE) el
Note that Dj is a contraction map with respect to ||-||; as

1D5 (x) = D5 (v)ll, = 1Nz (x = ¥)ll,
<INzl Ik =yl

1
(45) = §||x—y||17 x,y € R?,

thus by Theorem 9, g2, converges to the fixed point x5 of D5, which can be solved
by
(46) x5 = Dj (x3) = dj + Nyx3

. ,—1 ., 2 o] [7=fe 7B

Here we re-state Theorem 6(b) in precise terms, which follows from Theorem 6(a)
as a corollary:

Theorem 6(b). (Outward binary incentric subdivision; Eventually pure
iterations) Every branch of a triangle generated by successive outward binary
incentric subdivisions converges. In particular:

(b) If the cuts is eventually a zigzag, then among the three angles of the limit
triangle, one angle is in common with the last daughter triangle before the
zigzag started, and one of the other two angles is double of the third angle.

More precisely, suppose I = (i,),-, is a {1,2} sequence with finitely many 1 or
finitely many 2. Starting with any initial triangle q¢ € T:
(i) If g is the last 1 in I, then the eventually pure iteration

B
Dinu'Dil(qo)%[ 3 ] as n — 0o.
Br

(ii) If 4 is the last 2 in I, then the eventually pure iteration

Q@
D, ---Dj (qo) — {W_Zk} as m — 00.
3
Proposition 12. (Outward binary incentric subdivision; Alternating it-
erations) Starting with any initial triangle qo € T, for (¢,5) = (1,2),(2,1), the
alternating iteration

s

(D;D;)" (qo) — {%} as n — oo.
4
Proof.  Since Dy and D are affine maps, so are Dy D7 and Dy Dy, with matrix
parts
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respectively. Note that for (¢,j) = (1,2),(2,1), D;D; are contraction maps with
respect to ||-||; as
1D; Di (x) = D;D; (y)lly, = [[N;Ni (x = y)ll;
<INl = vl

3
=S lx=yl, x,y eR?,
4

thus by Theorem 9, (D;D;)" (qo) converges to the fixed point x; ; of D;D;, which
can be solved by

X1 = DaDy (Xiz) =ds + N, (d1 4 leiz)

3 1] [z
X1z = (I~ NoNy) ™" (do + Nody) = { | g] H - [
4
X;,l = D1D2 (Xz,l) = d1 + Nl (d2 —+ N2X;’1)

5 1 ™ s
X;,l = (I — NlNQ)_l (d1 +N1d2) = |:i 4:| |:72r:| = |:;1|.:| . |

8
To motivate Theorem 6(c) where the branches are all converging to the isosceles
right-angled triangle, Figures 53 to 56 show the effect of DsD; which illustrate
Proposition 12, and sheds some light on Theorem 6(c). The green and red lines are
the same as in Figures 47 to 52. In particular, notice that the intersection point of
the two lines is

Hl

4

showing that the isosceles right-angled triangle is invariant under both Dy and Ds.

Here we re-state Theorem 6(c) in precise terms and prove it:

Theorem 6(c). (Outward binary incentric subdivision; Mixed iterations)
Every branch of a triangle generated by successive outward binary incentric sub-
divisions converges. In particular:
(c) If the cuts is not a zigzag nor eventually a zigzag, then the limit triangle
is the isosceles right-angled triangle.
More precisely, suppose I = (i), is a {1, 2} sequence with infinitely many 1s and
infinitely many 2s. Starting with any initial triangle qg € T, the mixed iteration

us

D;, -+ Dy, (qo) — {g} as n — oo.
1

Proof.  First, we show that D; and D5 have exactly one common fixed point

i

Indeed, just note that the equation D; (x) = x = D (x) is equivalent to Nx =r,
where
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Gen 0.png Gen 1.png

FIGURE 53. (D2D1)" (T) FIGURE 54. (DyD1)" (T)

Gen 2.png Gen 3.png

FIGURE 55. (D2D1)* (T) FIGURE 56. (D2D1)” (T)

Solving it, we have

Next, we show that D; and Dy are joint contraction maps on the metric space R2.
Since Dy and D, are affine maps, so are D5 DY and D¥ D}, with matrix parts NiNF
and NTN! respectively. Diagonalizing Ny and Na,

|\

S e | ERH RS e T

|
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thus

[ﬂ<5—)<éﬂ’
wﬁ—ﬂﬁ@’ﬂpﬂV§féU;

1

SN—
-
\
—_
~—
—

First, we show that HN%N{“ < 1. To this end, write

I,
(EDT =0 48 (=0)'+1) 5(DM =D
L((-9"-1) (-9

Ny Nt

then we have

|d| =

As a result,

5 11 1 11
INLNE, < max{12 L 5} <1

As for ||N{“N£||1 < 1, just note that Ny = ENyE, where E = {(1) (1)} and E? =
10
[O 1], then
11

[NENA], = [[(ENEE) (ENE), < 121, [NENL, T, < 12

Finally, the required result follows from Theorem 11.

7. INWARD AND OUTWARD BINARY QUASI-INCENTRIC SUBDIVISIONS

The inward binary r-quasi-incentric subdivision, as we introduce now, generalizes
inward binary incentric subdivision through replacing angle bisectors by cevians
that divide angles into a fixed ratio r : s, where r,s € (0,1) and r +s = 1
(see Figures 15 to 18). To perform inward binary r-quasi-incentric subdivisions,
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construct division maps as the following invertible affine maps C;. 1, Cr 2 : R? — R?
defined by

X = [Zj] — Cri(x) =cp + M, ;x, i =1,2,

with constant and matrix parts

rm -r -T S T
Cr = [S?T:| ’ Mr,l = |:—S r :| ) Mr,2 = [—8 —S] .

To understand their effects, note that the representation (ZCAB,ZABC) € T
of any triangle AABC' induces an orientation Z/CAB — ZABC — Z/BCA or
CA — AB — BC on its angles or sides. If q = (a,8) € T represents a mother
triangle with angles «, 3,~, then as we represent the first and the second daughter
triangles as

Cor (q) = [rvr —ra— rﬂ]

Yy
sm—sa+rp ]GT’

N [57 +
_|rm4+sa—rB| _ |my+a
Cra(a) = [sw—sa—sﬁ] o [ sy ] €T,
respectively (see Figure 57), we will have the same observations about the subdi-
visions as those in Section 3, just with (iii) replaced by

(iii)” the daughter triangles C; 1(q), Cy2(q) will share the common angles «, 5
respectively with the mother triangle.

A\

FIGURE 57.

To give intuition for Theorem 7, Figures 58 to 61 show the 12-th generation de-
scendants for various values of 7.
Here we re-state Theorem 7 in precise terms and prove it:

Theorem 7. (Inward binary r-quasi-incentric subdivision) The descen-
dants of a triangle generated by successive inward binary r-quasi-incentric subdi-
visions are dense in the space of triangles. More precisely, starting with any initial
triangle qo € T and any fixed r € (0,1), the set

(48) {C’I‘,il e Cr,in (qO) HEURS N7 il) <o ain € {17 2}}
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Generation, r=0.10.png Generation, r=0.18.png

FIGURE 58. r =0.10 FIGURE 59. r = 0.18

Generation, r=0.25.png Generation, r=0.33.png

FIGURE 60. r = 0.25 FIGURE 61. r = 0.33

consisting of all iterates of qg under
(49) C={Cr1,C2}

is a dense subset of T.

Proof.  First, we show that

(50) C'={C,;C,; : i,j€{1,2}}
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is an iterated function system on R?. Indeed, by direct computations, writing
s=1-—mr,

2 0]
(M Mr2)" (MraMra) = | 2|5 MMyl =72 <1,
(2 0]
(MT,2MT,2)T (MT,2MT,2) = 0 82 ) ||MT'72M7‘72||2 = 82 < 1a
(20
(MT,2M7",1)T (MTVQMT,l) = 0 r2|’ ||MT72MT,1”2 = mnax {rg, 32} <1,
20
(MT,lMT,Q)T (MTJMT,Q) = 0 r2|’ ||MT71MT,2”2 = Inax {72, 32} <1,

thus, for 4,5 € {1, 2}, since C,.;, C,; are affine maps with matrix parts M, ;, M, ;,
so is C;C}, with matrix part M, ; M, ;,
d(Cr;Cri (x),Cr;Cri (y)) = | My Mri (x — y)ll,
< Mo Ml 1% =yl

(51) < max {rQ,sz}d(x,y), X,y € R%,
Next, we show that B o

Cra (T) UCr2 (’]T) =T,
so that

62 | cuei(M= U G| U (@)= J Cj(T)=T.
i,5€{1,2} je{1,2} 1€{1,2} je{1,2}

Indeed, since C). 1, C; 2 are affine maps and T is a triangle, C; 1 (T) ,Cr2 (T) are

the triangles with vertices

e ([of) =[] e (B) =] e (B = )
cea ([o]) =[] e (i) = ) e (1) - ]

respectively (see Figure 62).
By (51), (50) is an iterated function system on the complete metric space R
Starting with any initial triangle qo € T C T, by (52) and Theorem 10(c),

(53) {C’r,i1 e Cr,izn (QO) tne Na Z'17 .. ain S {17 2}}

is a dense subset of T. Since Cr1,Cro: T — Tand qp € T, (53) is actually a dense
subset of T. Note that (53) is a subset of (48), thus (48) is also a dense subset of
T. |

3

The outward binary r-quasi-incentric subdivision, as we introduce now, generalizes
outward binary incentric subdivision through, just like the inward binary r-quasi-
incentric subdivision, replacing angle bisectors by cevians that divide angles into a
fixed ratio ‘directed’ r : s, where r,s € (0,1) and 7 + s = 1 (see Figures 19 to 22).
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Cr.l (T)

C,o(T)

FIGURE 62.

To perform outward binary r-quasi-incentric subdivisions, construct division maps
as the following invertible affine maps D;.1, D, 2 : R* — R? defined by

X = |:§:| = Dr,i (X) = dT,i + Nr,i7 1=1,2,

with constant and matrix parts

0 ST 1 0 —-s —s
dr,l— |:7‘7T:|7 dr,2— |:O:|7 NT’1_|:’I" ’I”:|7 Nr,2—|:0 1:|

To understand their effects, note that the representation (LCAB,ZABC) € T
of any triangle AABC induces an orientation Z/CAB — /ABC — /BCA or
CA — AB — BC on its angles or sides. If q = (a,8) € T represents a mother
triangle with angles «, 3,7, then as we represent the first and the second daughter

triangles as
@ @
Dr1(q) = |:T’7T —ra— rﬁ] - [T'y} €T,

T e

respectively (see Figure 63), we will have the same observations about the subdi-
visions as those in Section 6, just with (iii) replaced by

(iii)” the daughter triangles D, 1(q), Dy 2(q) will share the common angles «, /3
respectively with the mother triangle, and each will share a common side
with the mother triangle.

To motivate Theorem 8(a)-(b) where the branches are converging to a limited
choice of triangles, Figures 64 to 69 with » = 0.25 show the effects of D, ; or D, ».
The green and red lines are the points in T of the forms

I e S

) (m—a)
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FIGURE 63.

respectively.
Here we re-state Theorem 8(a) in precise terms and prove it:

Theorem 8(a). (Outward binary r-quasi-incentric subdivision; Pure it-

erations) Every branch of a triangle generated by successive outward binary

r-quasi-incentric subdivisions converges. In particular:

(a) If the cuts is a zigzag, then among the three angles of the limit triangle,
one angle is in common with the initial triangle, and the other two angles

are in theratiol:ror 1:s.

More precisely, starting with any initial triangle qo € T, the pure iterations con-

verge with

Qo

Dy (ao0) = [r (7 — o

i )} as n — 00, D}'5(qo) — {S‘H
T+

Bo

ﬂr,l,n

1 (m = Bo)

:| as n — oQ.

Proof. Letqy1, = [ar’l’”] denote D}y (qo). Since D}, (qo) = Dy, (Dfl_1 (qo)),

we have

Ay 1.n 0 1 0 Ay 1.n—1 (o 7)) 0
54 1, — + , Ly — +
(54) |:/87“71,7l:| |:T‘7T:| [—r —7‘] [ﬁr,l,n—1] |:T7T - rozo] 0
or simply qr.1.n = D} 1 (dr,1,n-1), Where q,,1,0 = qo and Dy ; (x)
an affine map with constant and matrix parts

o (&%) r 0 0
(55) d,, = |:’I“7T — rozo] » Ny = [0 —r} '

Note that D;. , is a contraction map with respect to [|-[|; as

| D51 (%) = Dy (9], = |V (=9,
’|Nr/=,1H1 l[x — Y||1
(56) =rlx—yl,, x,y €eR?

IN

0 A 1n—1
- Br,l,n—l ’

d,; + Ny xis
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Pure, Gen 0.png Pure, Gen 0.png

FIGURE 64. DY (T) FIGURE 65. DY, (T)

Pure, Gen l.png Pure, Gen 5.png

FIGURE 66. D] (T) FIGURE 67. D2, (T)

Pure, Gen 2.png Pure, Gen 10.png

FIGURE 68. D2, (T) FIGURE 69. D% (T)
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thus by Theorem 9, g, 1., converges to the fixed point x; ; of D;
solved by

(57) Xy, =D, (X:,1) =d;, + N, %},

— 1 0 o Q
58 (=N ) 'd., = o | 0 .
( ) Xr,l ( r,l) r,1 |:O ri1:| |:’I”7T —rag T+1 (7T _ Olo)

r.1» which can be

Similarly, now let q, 2., = [ar’z’"} denote D5 (qo). Since

r,2,m

Dr5(a0) = Dra(D75 (a0)),

we have
Q2. st|  [=s —s| [ar2n-1 st—3Bo]  [—s 0] [ar2n-1
59) |G| = ||+ 2 = - R
( ) l:/BT,Q,n:| |:O:| |: 0 1 :| |:Br,2,n—1:| |: ﬂO ] 0 0 BT',Q,’R—l
or simply q,2n = D} 5 (dr2,n-1), Where q, 20 = qo and D; 5 (x) = dj. 5 + N, 5x is
an affine map with constant and matrix parts
sT— $Bo —s5 0]
(60) d;",2 = |: Bo :| ) N;“,Z = |:O O_ :
Note that D;. , is a contraction map with respect to [|-[|; as
1072 () = Dro 0], = |72 (x =¥y
< [[Veally T =,
(61) :SHX*YHU X7y€R27

thus by Theorem 9, qy,2,, converges to the fixed point x7 , of D/r,2v which can be
solved by

(62) Xy o =D, (X:,2) =d.,+ N/ ox) s

1 _ S (7 —
) xta= (- M) = [ [T =[G

Here we re-state Theorem 8(b) in precise terms, which follows from Theorem 8(a)
as a corollary:

Theorem 8(b). (Outward binary r-quasi-incentric subdivision; Eventu-
ally pure iterations) Every branch of a triangle generated by successive out-
ward binary r-quasi-incentric subdivisions converges. In particular:
(b) If the cuts is eventually a zigzag, then among the three angles of the limit
triangle, one angle is in common with the last daughter triangle before the
zigzag started, and the other two angles are in the ratio 1 : r or 1 : s.
More precisely, suppose I = (i), is a {1,2} sequence with finitely many 1s or
finitely many 2s. Starting with any initial triangle qo € T:
(i) If 4y is the last 1 in I, then the eventually pure iteration

- 6k)}

Di7l...Di1(q0)*>|:s+—1(/6 as m — oo.
k
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(ii) If 4 is the last 2 in I, then the eventually pure iteration

D;, --- D;, (qo) — [ r ok

:| as n — oQ.
7 (m—ax)

To motivate Theorem 8(c) where the branches are all converging to a specific
triangle, Figures 70 to 73 show the effect of D, 2D, ;. The green and red lines are
the same as in Figures 64 to 69. In particular, notice that the intersection point of
the two lines is

ST

T )

2
showing that the limit triangle is invariant under both D, ; and D, .

Gen 0.png Gen 1.png

FIGURE 70. (D, 2D,1)° (T) FIGURE 71. (D,.5D,1)" (T)

Gen 2.png Gen 3.png

FIGURE 72. (DMDM)2 (T) FIGURE 73. (DT,QDM)?’ (T)

Here we re-state Theorem 8(c) in precise terms and prove it:
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Theorem 8(c). (Outward binary r-quasi-incentric subdivision; Mixed it-

erations) Every branch of a triangle generated by successive outward binary
r-quasi-incentric subdivisions converges. In particular:

(c) If the cuts is not a zigzag nor eventually a zigzag, then the limit triangle
is a right-angled triangle, and the other two angles are in the ratio r : s.

More precisely, suppose I = (i), is a {1, 2} sequence with infinitely many 1s and
infinitely many 2s. Starting with any initial triangle qg € T, the mixed iteration

s
D, - Dy, (qo) = {&] as n — 00.
2

Proof.  First, we show that D, ; and D, 5 have exactly one common fixed point

Indeed, just note that the equation D, 1 (x) = x = D, 3 (x) is equivalent to Nx =r,

where
N:[r r+1}7r:[r7r].
s+1 s ST

e [ 5] -3
= T2l 5T 2

Solving it, we have

Next, we show that D, ; and D, o are joint contraction maps on the metric space
R2. Since D, 1 and D, > are affine maps, so are DanD’,?’1 and DfJDfﬂ’z, with matrix
parts N£,2N7]=€,1 and NﬁlNLQ respectively. Diagonalizing N, ; and N, o,

-l o]t 0][-=2 O ——=_ 11 olfo 1
= r r+1 — s+1
e A 1 P R P I et

_r+l ] 1 0 —r_ 9 1 0
N S N I [ I T
1 110 (|4 1 e

- 1]f1 0 ][0 1 (—s)t  motsCs)
N, = | st = s+1 .
S | A A

First, we show that ”Ni,2Nﬁ;l"1 < 1. To this end, write

thus

Nf«,sz,l
s rs(=r)* 2(=s)! rs(=r)*(=s)! s(=r)* | s(=r)*(=s)
_ | o6 ~ e T e T e et T ek T e
—r 4 r(—r)* (_T)k
r+1 r+1

-
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then we have
d = (-r)* <,

(1) e

le| = < =,
r+1 r+1
sr S
1] = Ssr(s—f—l):?ﬁ_ﬂ7
s+1 s+1

rsrk (1 - (—s)l) ‘rs +2 (—s)l‘
la] < +
(r+1)(s+1) (r+1)(s+1)
rsr(s+1) s(s+1)
T (r+D)(s+1)  (r+1)(s+1)
_ (1—r)(r?+1)
r+1 '

As a result,

(1=7r)(r*+1)

”N7l“,2Nrk,1H1 < max frr—r 4y

r+1
r(1- =) +1 )
= max ,J1—(1—-r)" 3 <1.
r+1
A kAl . 0 1
s for ||NMNT,2||1 < 1, just note that N, = ENj_,oF, where E = 10 and

0 1
INEN 2|l = [(BNE,2E) (ENL_ o B[, < BN [N N [y 1B <1

E? = [1 0], then

Finally, the required result follows from Theorem 11. |

REFERENCES

[1] I. Bardny, A. F. Beardon, T. K. Carne, Barycentric subdivision of triangles and semigroups
of Mébius maps, Mathematika 43 (1996), 1, 165-171.

[2] P. Billingsley, Convergence of Probability Measures. John Wiley & Sons, Inc. ISBN 978-0-
471-19745-4.

(3] S. Butler, R. Graham, Iterated triangle partitions, In: Katona, G.O.H., Schrijver, A., Szényi,
T., Sagi, G. (eds) Fete of Combinatorics and Computer Science. Bolyai Society Mathematical
Studies, vol 20. Springer, Berlin, Heidelberg.

[4] S. Butler, R. Graham, Subdivision using angle bisectors is dense in the space of triangles,

Amer. Math. Monthly 120 (2013), 7, 622-630.

E. Carroll, A. P. Gosh, X. N. Nguyen, A. Roitershtein, Iterated Routh’s Triangles, Journal

for Geometry and Graphics 21 (2017), 2, 153-168.

[6] M. De Villers, Over and over again: two geometric iterations with triangles. Learning and
Teaching Mathematics 16 (2014), 40-45.

[7] D. Downes, 99.14 A recurrence relation for the limit point of nested triangles. Math. Gaz.
99 (2015), 545, 323-325.

(8] M. Hajja, On nested sequences of triangles. Results Math. 54 (2009), 289-299.

[5



90 K. L. A. HUANG, I. B. LEE, C. L. LO, L. H. QIAO AND C. L. WONG

[9] J. E. Hutchinson, Fractals and self similarity, Indiana Univ. Math. J. 30 (1981), 5, 713-747.

[10] E. Kreyszig, Introductory functional analysis with applications. ISBN 0-471-50731-8

[11] H. Nakaruma, K. Oguiso, Elementary moduli space of triangles and iterative processes. J.
Math. Sci. Univ. Tokyo 10 (2003), 209-224.

[12] G. Nicollier, Dynamics of the nested triangles formed by the tops of the perpendicular bisec-
tors. Forum Geometricorum 14 (2014), 31-41.

[13] C. Villani, Optimal Transport, Old and New. Springer. ISBN 978-3-540-71049-3.

[14] A. Wares, Conjectures pertaining to repeated partitioning of a triangle. Internat. J. Math.
Ed. Sci. Tech. 39 (2008), 814-819.



EDITOR’S COMMENTS

Building on earlier work on barycentric and incentric triangle subdivisions, this
paper introduces two new subdivision rules—inward and outward binary incentric
subdivisions—along with further generalizations, and uses iterated function systems
to study how the resulting triangles spread out across the space of triangle shapes.
One particularly nice result is that the inward-binary descendants spread out evenly,
in the sense that their empirical measures converge to the uniform measure on the
space of triangle shapes. This is a stronger and more interesting statement than
simply saying the triangles fill the space, and it sets this case apart from the earlier
senary case. The team also takes an observation about the connection between the
ternary case and the Sierpinski triangle and makes it precise with a proof. It is a
strong paper in the interface of geometry and analysis.
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