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Abstract. The question investigated in this essay is: Given the dimensions
of a cylindrical container and the volume of the water contained in it, which

position would give the minimum wet contact area? In part 1, we will discuss
about which position of the container, horizontal or vertical, will give a smaller

wet contact surface area when the volume of water varies. In part 2, we will

still discuss the wet contact area in the cylinder, but considering the volume of
water as a constant and allowing the cylinder to incline with a variable angle

α. We will try to find out the value of α such that the total wet surface area

is minimum.

1. Introduction

Actually, doing this research was not initially for Hang Lung Mathematics
Award, but for a winter holiday assignment from the Mathematics Enrich-
ment Class in my secondary school two years before writing this paper:

“Think of an interesting mathematics question, then try to solve it.”

This reminded me of a problem which was long in my mind.

One day, I looked at a bottle of water on my desk. I laid it down and
put it back to upright, repeatedly. Then I observed that the contact area
between the bottle and water might be different when the bottle is placed
horizontally and vertically. I would like to find out which position of the
bottle, placed horizontally or vertically, can give the minimum wet contact
area for different volume of water. I found this problem interesting because

1This work is done under the supervision of the author’s teacher, Mr. Kwok-Tai Cathay Wong.
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it may have some significance in the storage of some viscous liquids such as
crude oil or chemicals. Or, at least I would know how to reduce the wet
surface area and keep my water cold for a longer time.

After I described the problem to my teacher in the Enrichment Class, he told
me that I have to study differentiation to solve this kind of problem. Later
when I studied differentiation and solved the problem, I felt the happiness
of using textbook knowledge to solve daily-life problems. I discovered an
interesting result which was out of my expectation. I expected that, as the
volume of water decreases, there will be only one switching point to change
the position with smaller wet surface area, but finally I found that there can
be either one or three switching points.

After I have solved the above problem (which is part 1 in this report), my
mathematics teacher suggested me to investigate some generalisation of the
original problem, such as a different shape of the container. Finally I decided
to generalise the inclined angle of the container, so that the container is not
restricted to only two positions. I found the problem in part two is more
difficult, as there are more dependent variables which are interrelated, but
they cannot be expressed explicitly in terms of other variables. Eventually
I got another unexpected result: When the water level is lower than half
the height of the cylinder, you should incline the cylinder for some angle to
minimize the wet contact area!

In this report, when an equation apparently cannot be solved analytically,
the Solver programme in Microsoft Excel will be used. However, I tried to
use mathematical analysis to tackle the question whenever possible.

2. Definitions

As there are many variables and functions introduced throughout the report,
a list of their definitions and notations is given here. The page number in
the bracket indicates the first page the notation appears.

r the radius of the cylinder (p.4)
2x the height of the cylinder (p.4)
h the water level when the cylinder is placed vertically (p.4)
V the volume of the water (p.4)
A1 the wet contact area when the cylinder is placed vertically

(p.4)
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A2 the wet contact area when the cylinder is placed
horizontally (p.4)

θ the angle at center formed by the water segment on the
base when the cylinder is placed horizontally, which is a
variable (p.5)

Kpθq the wet contact area on the base when the cylinder is
placed horizontally (p.5)

fpθq A1 �A2 (p.6)
a the first θ-intercept of the curve y � fpθq (p.10)
b the third θ-intercept of the curve y � fpθq (p.10)
α the inclined angle made with the ground when the cylinder

is placed obliquely (p.12)
A3 the wet contact area when the water covers the base of the

cylinder totally and does not touch the lid (p.13)
A4 the wet contact area when the water does not touch the lid

and does not totally cover the base (p.13)
A5 the wet contact area when the water touches both the lid

and the base (p.13)
l the shortest height of the water when the cylinder is placed

obliquely (p.14)
p the longest height minus the shortest height of the water

when the cylinder is placed obliquely (p.14)
β the angle at center formed by the water segment on the

base when the cylinder is placed obliquely (p.14)
h1 the height of the cone formed by the water when the

cylinder is placed obliquely (p.14)
γ the angle at centre of the base formed by water when the

water just touches the lid (p.15)
d the depth of water on the base when the cylinder is placed

obliquely (p.15)
gpβq β � sinβ (p.17)
φ the angle at centre formed by the water segment when the

cylinder is placed horizontally, which is a constant (p.17)
λ the angle at centre formed by the water segment on the lid

when the cylinder is placed obliquely (p.18)

3. Part 1 - Vertical or Horizontal?

The problem we will investigate in this part is: Given the dimensions of a
cylinder and the volume of water in the cylinder, which position, horizontal
or vertical, would give a smaller total wet contact surface area? How will
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the result change if the volume of water varies?

Let the radius of the cylinder be r pr ¡ 0q, the height of the cylinder be 2x
px ¡ 0q, and the water level when the cylinder is in vertical position be h
ph ¥ 0q. Then the volume of water V , which equals to πr2h, directly varies
as h.

We can easily observe that if the cylinder is half full of water, the wet con-
tact areas in the two positions are equal. They should be both equal to half
of the curved surface area plus the area of one base of the cylinder.

The following is the proof.

When the cylinder is placed vertically,

contact areapA1q � r2 � 2rπx.

When the cylinder is placed horizontally,

contact areapA2q � 2 � 1

2
r2π � 1

2
� 2rπ � 2x

� r2π � 2rπx.

Therefore, A1 � A2.

Now we consider the general case of 0 ¤ h ¤ 2x.

It is obvious that when h is just slightly greater than 0, the horizontal
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position will give a smaller wet contact area, because the water touches the
whole base in the vertical position, but just touch a very small area in the
horizontal position. However, when h is just slightly less than 2x, the ver-
tical position will give a smaller wet contact area, because the water almost
touches all the surface in the horizontal position, but the water will not
touch the top surface of the cylinder in the vertical position. Therefore, we
would like to investigate in what range of the value of h, the vertical (or the
horizontal) position would give a smaller wet contact area.

When the cylinder is placed vertically,

contact areapA1q �

$'&
'%
πr2 � 2rπh when 0   h   2x,

0 when h � 0,

2πr2 � 2rπh when h � 2x,

volume of waterpV q � r2πh.

When the cylinder is placed horizontally, let the shaded area, which is the

wet contact area on the base, be Kpθq. Then Kpθq =
r2θ

2
� r2 sin θ

2
, where

θ is the angle at center and 0 ¤ θ ¤ 2π.

Contact areapA2q � 2Kpθq � rθ � 2x

� 2Kpθq � 2rxθ

� 2

�
r2θ

2
� r2 sin θ

2

�
� 2rxθ

� r2θ � r2 sin θ � 2rxθ.

Volume of waterpV q � Kpθq � 2x

�
�
r2θ

2
� r2 sin θ

2

�
� 2x

� pr2θ � r2 sin θqx.
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As r and x are fixed, A1 � r2π � 2rπh is a function of h whereas A2 �
r2θ � r2 sin θ � 2rxθ is a function of θ. As V increases from 0 to πr2h, h
increases from 0 to 2x, and θ also increases from 0 to 2x. Therefore, we
will try to write h in terms of θ, so that A1 and A2 both can be expressed
as functions of θ. Then we can compare the magnitudes of A1 and A2 for
different values of θ.

Since the volume of water is unchanged,

πr2h � pr2θ � r2 sin θqx
πh � pθ � sin θqx

h � pθ � sin θqx
π

Putting h � pθ � sin θqx
π

into A1 � r2π � 2rπh, we have

A1 � πr2 � 2rπ

�pθ � sin θqx
π

�
.

Therefore,

A1 � πr2 � 2rxθ � 2rx sin θ.

To compare the values of A1 and A2, we define a function fpθq � A1 � A2,
where 0   θ   2π.

fpθq � A1 �A2

� pr2π � 2rxθ � 2rx sin θq � pr2θ � r2 sin θ � 2rxθq
� r2π � 2rx sin θ � r2θ � r2 sin θ.

If fpθq ¡ 0, then A1 ¡ A2, i.e. placing horizontally would give a smaller wet
area.
If fpθq   0, then A1   A2, i.e. placing vertically would give a smaller wet
area.

First, we consider some trivial cases. Obviously, when θ � 0 (there is no
water) and 2π (the container is full of water), fpθq � 0. Also, from the
result shown in the beginning of this part, when the water is half full, i.e.
θ � π, we have fpθq � 0.

Now, consider when h is just slightly greater than 0, i.e. θ is just slightly
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greater than 0, A1 is about πr2 but A2 is about 0, hence fpθq ≈ πr2. Ac-
tually, it is easy to show that lim

θÑ0�
fpθq � πr2. Similarly, it is easy to show

that lim
θÑ2π�

fpθq � �πr2. Therefore, as θ increases from 0 to 2π, fpθq varies

from πr2, via 0 when θ � π, to �πr2.

As fpθq is continuous and differentiable in the range p0, 2πq, if we can find
all the roots of the equation fpθq � 0, we can find the range of θ for which
fpθq is greater than zero, and hence our problem will be solved.

Setting fpθq � 0, we have

r2π � 2rx sin θ � r2θ � r2 sin θ � 0

rπ � 2x sin θ � rθ � r sin θ � 0

We cannot solve this kind of equation analytically, so we have to use com-
puter programme (such as Solver in Microsoft Excel) or numerical method
to find the roots of this equation when the numerical values of r and x are
known.

However, we can still investigate some properties about fpθq. As lim
θÑ0�

fpθq,
fpπq, and lim

θÑ2π�
fpθq are equal to πr2, 0 and �πr2 respectively, if fpθq is a

decreasing function in the range p0, 2πq, then θ � π must be the only root
for the equation fpθq � 0. This result can be illustrated by the following
graphs(The graphs are drawn by the Excel Programme attached.):

So we now investigate whether the curve y � fpθq has any stationary point.
If there is no stationary point, then fpθq must be a decreasing function.
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Consider f 1pθq.

f 1pθq � d

dθ
pr2π � 2rx sin θ � r2θ � r2 sin θq

� �2rx cos θ � r2 � r2 cos θ

Setting f 1pθq � 0, we have

�2rx cos θ � r2 � r2 cos θ � 0

�2x cos θ � r � cos θ � 0

pr � 2xq cos θ � r

If r � 2x � 0(i.e. r � 2x), as r ¡ 0, f 1pθq � 0 has no solution. (1)

Otherwise,

cos θ � r

r � 2x
.

Since �1 ¤ cos θ ¤ 1, when
r

r � 2x
  �1 or

r

r � 2x
¡ 1, f 1pθq � 0 would

have no solution, i.e. no stationary point for the graph y � fpθq. Therefore,

we will discuss the following three cases of the value of
r

r � 2x
.

Case 1:
r

r � 2x
  �1 or

r

r � 2x
¡ 1

Case 2:
r

r � 2x
� �1 or

r

r � 2x
� 1

Case 3: �1 ¤ r

r � 2x
¤ 1

Case 1:

When
r

r � 2x
  �1,

r

r � 2x
� 1   0

r � r � 2x

r � 2x
  0

2r � 2x

r � 2x
  0

r � x

r � 2x
  0

Since r � 2x   r � x,

r � 2x   0 and r � x ¡ 0

r   2x and r ¡ x
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Hence x   r   2x. (2)

When
r

r � 2x
¡ 1,

r

r � 2x
� 1 ¡ 0

r � r � 2x

r � 2x
¡ 0

2x

r � 2x
¡ 0

r � x ¡ 0 psince x ¡ 0q

Hence r ¡ 2x. (3)

Therefore, when x   r ¡ 2x or r ¡ 2x, cos θ � r

r � 2x
has no solution.

Case 2:

When cos θ � 1 or �1, there will be one root as θ is between 0 to 2π, i.e.
the curve y � fpθq only has one stationary point. Because lim

θÑ0�
fpθq, fpπq

and lim
θÑ2π�

fpθq are equal to πr2, 0 and �πr2 respectively, if there is only

1 stationary point, this stationary point must be a point of inflexion. That

means fpθq is still a decreasing function when
r

r � 2x
� �1 or

r

r � 2x
� 1.

When
r

r � 2x
� �1,

r � 2x� r

r � x (4)

When
r

r � 2x
� 1,

r � r � 2x

2x � 0 pwhich is rejected because x ¡ 0q

Combining (1), (2), (3) and (4), when r ¥ x, fpθq is a decreasing function
in p0, 2πq, i.e. when the container has the size of r ¥ x, placing horizon-
tally would give a smaller wet contact area when the volume of water is
smaller than half of the container capacity, and placing vertically would
give a smaller wet contact area when the volume of water is lager than half
of the container capacity.
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Case 3:

When �1   r

r � 2x
  1, i.e. 0   r   x, there will be 2 roots for the

equation cos θ � r

r � 2x
for 0   θ   2π, which implies y � fpθq has 2 sta-

tionary points. By the nature of cosine function, one of these two roots must
be smaller than π, and the other must be greater than π. That means, there
is one stationary point between 0 and π (exclusive), and the other stationary
point between π and 2π (exclusive). As lim

θÑ0�
fpθq, fpπq, and lim

θÑ2π�
fpθq are

equal to πr2, 0 and �πr2 respectively, if these two stationary points are not
both points of inflexion, then the stationary point between 0 and π must lie
below the θ-axis, and the stationary point between π and 2π must lie above
the θ-axis.

To test whether the two stationary points are points of inflexion, we consider
f2pθq.

f 1pθq � �2rx cos θ � r2 � r2 cos θ

f2pθq � 2rx sin θ � r2 sin θ

� r sin θp2x� rq
Set f2pθq � 0. As r ¡ 0 and 2x� r ¡ 0, we have sin θ � 0. Hence θ � π for
0   θ   2π.

But this stationary point must not be at θ � π, therefore these two sta-
tionary points cannot be points of inflexion.

Therefore, when 0   r   x, there are two turning points, one is a local
minimum point between 0 and π and it lies below the θ-axis, the other one
is a local maximum point between π and 2π and it lies above the θ-axis. It
implies that there must be three θ-intercepts of the curve y � fpθq. Let the
three θ-intercepts be a, π and b.

To further confirm the existence of these θ-intercepts, we can consider f 1pπq.
f 1pθq � �2rx cos θ � r2 � r2 cos θ

f 1pπq � 2rx� 2r2

� 2rpx� rq
As 0   r   x, x � r ¡ 0, hence f 1pπq ¡ 0, which implies that fpθq is
increasing at θ � π. So the turning point between 0 and π must be below
the θ-axis, and the turning point between π and 2π must be above the θ-axis.
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As there are three θ-intercepts of the curve y � fpθq, we need to find a
and b, which are the roots of the equation fpθq � 0, to know the range of
θ for which fpθq ¡ 0. Although we cannot solve the equation analytically,
can we find some relationship between a and b?

As a is a root of the equation fpθq � 0 and fpθq � r2π � 2rx sin θ � r2θ �
r2 sin θ, we have fpaq � r2π � 2rx sin a� r2a� r2 sin a � 0. Then

fp2π � aq � r2π � 2rx sinp2π � aq � r2p2π � aq � r2 sinp2π � aq
� r2π � 2rx sin a� 2r2π � r2a� r2 sin a

� �r2π � 2rx sin a� r2a� r2 sin a

� �fpaq
� 0.

Therefore, if a is a root of the equation fpθq � 0, 2π�a is also a root of the
equation. Hence b � 2π�a. From this result, we only need to use numerical
method to find either a or b, and the other one can be easily calculated.

Note that as fpθq � �fp2π � θq, the whole curve of y � fpθq is sym-
metric about the point pπ, 0q.

In order to find a by computer, I have written an Excel file which uses
Solver to find an estimate of a.

The picture is captured from the ‘part 1’ sheet of the Excel file attached.
When the values of r and x are input in the orange boxes(F1 and F2), the
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curve of fpθq against θ will be plotted. If the approximate answer is input
in the yellow box and then press the ‘Run Solver’ button, a more accurate
estimate will appear in the yellow box(H2). (The Solver add-in must be
installed first). This programme can solve the problem numerically, and it
can let us verify the properties we have proved.

We can now summarise the findings in this part. For containers with
0   r   x, the results are as follows:

Range/Value of θ Sign/Value of fpθq Position which will
give a smaller wet
contact surface area

0   θ   a Positive Horizontal
θ � a Zero Both
a   θ   π Negative Vertical
θ � π Zero Both
π   θ   2π � a Positive Horizontal
θ � 2π � a Zero Both
2π � a   θ   2π Negative Vertical

Here a denotes the root of the equation fpθq � 0 in the range 0   a   π,
and in general it needs to be found numerically.

For containers with r ¥ x, the results are as follows:

Range/Value of θ Sign/Value of fpθq Position which will
give a smaller wet
contact surface area

0   θ   π Positive Horizontal
θ � π Zero Both
π   θ   2π Negative Vertical

4. Part 2 - Generalisation in Inclination Angle

Besides placing the cylinder vertically and horizontally, the cylinder can be
placed obliquely to make an inclined angle (α) with the ground.
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So the question in this part is, for different volume of water, what is the
minimum contact area when the inclined angle α varies?

When the cylinder is turned from vertical position to horizontal position, α

decreases from
π

2
to 0.

We will first consider the case of h   x, then we will use the result to
deduce the solution for the case of h ¡ x.

Before we consider the case of h   x, first we discuss about the trivial
case of h � x. When h � x, the volume of water is half of the capacity
of the cylinder. In this case, no matter how α varies, the shape of water
is congruent to the shape of empty space in the cylinder. Hence they must
have the same area of contact. Therefore, when h � x, the wet contact
surface area is always equal to half of the total surface area of the cylinder,
no matter how α varies.

Now we discuss the question for the two cases, i.e., when h   x and when
h ¡ x.

Case 1: h   x

When h   x, the process will be as follows: First, when α begins to de-
crease from π, the water covers the base of the cylinder totally and does not
touch the lid. When α become small enough, the water does not cover the
base of the cylinder completely, but the water does not touch the lid yet.
When α become even smaller, the water touches both the base and the lid.
Finally, α � 0 and the cylinder is placed horizontally.

Let the wet contact area be A3, A4 and A5 respectively in the figures shown
above. We will try to find the minimum value among A1, A3, A4, A5 and
A2 as α varies.
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First we try to calculate A3. Let l and p be defined as shown in the figure
below.

The curved wet contact surface area � 2rπl � 1

2
� 2rπp. Therefore,

A3 � r2π � 2rπl � 1

2
� 2rπp

� r2π � 2rπl � rπp.

Considering the volume of water pV q, we have

r2πl � 1

2
r2πp � r2πh

l � h� 1

2
p

Therefore,

A3 � r2π � 2rπl � rπp

� r2π � 2rπph� 1

2
pq � rπp

� r2π � 2rπh

� A1.

This implies that, as long as the water covers the base completely, the wet
contact surface area is equal to that in vertical position.

Now consider A4(A revised version of this part by the author is on page
25, cf. Reviewer’s Comments 1).

The left figure show the cone formed by the water, while the right figure
shows the base of the cone. h1 and β are defined as shown above. Note
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that β will decrease from 2π to γ, where γ is the angle at centre of the base
formed by the water when the water just touches the lid.

The wet contact area on the base �
�
r2β

2
� r2 sinβ

2

�
.

Note that when β ¡ π, the wet surface area should be the area of sector
plus the area of triangle. However, since sinp2π � βq � � sinβ, the above
expression still holds when β ¡ π.

The wet curved surface area is the same as the area of a triganle with base
equal to the wet arc on the base and with height equal to h1. Therefore, the

wet curved surface area � rβh1

2
.

Combining the results,

A4 �
�
r2β

2
� r2 sinβ

2



� rβh1

2

� 1

2
r2pβ � sinβq � 1

2
rβh1.

To relate β and h1 to other known constants or the variable α, we consider
the following figure.

Let the depth of water on the base be d.

d � r � r cos
β

2

� rp1 � cos
β

2
q

Note that the above expression is still correct when β ¡ π.
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Consider the triangle formed by the water:

h1 � d

tanα

� rp1 � cos β2 q
tanα

The shape of the water is half of a cylinder with base as the shape formed
on the base of the cylinder and with height h1. The volume of water,

V � 1

2
� base area � height

� 1

2

�
1

2
r2pβ � sinβqh1

�

� r3

4
pβ � sinβq1 � cos β2

tanα
.

By substituting V � πr2h, we have

tanα � rpβ � sinβqp1 � cos β2 q
4πh

.

When α is given, it is difficult to calculate the value of β, but it is easy to do
the opposite. Therefore, we will switch the variable β to make our question
a bit easier to analyse.

So we write A4 in terms of β.

A4 � 1

2
r2pβ � sinβq � 1

2
rβh1

� 1

2
r2pβ � sinβq � 1

2
rβ
rp1 � cos β2 q

tanα

� 1

2
r2pβ � sinβq � 1

2
rβ

4πh

β � sinβ
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A4 is defined only when the water does not touch the lid. Therefore, A4 is
defined only when

h1 ¤ 2x

4πh

β � sinβ
¤ 2x

β � sinβ ¥ 2πh

x

Let gpβq � β � sinβ. Since β decreases from 2π to φ, where φ is the
angle at centre of the base when the cylinder is placed horizontally and
g1pβq � 1� cosβ ¥ 0 for all values of β, gpβq is non-increasing from gp2πq �
2π to gpφq. Considering the volume of water when the cylinder is placed
horizontally, we have

πr2h � r2

2
pφ� sinφq � 2x

φ� sinφ � πh

x

Therefore, gpφq � πh

x
.

Since h   x, gp2πq ¡ 2πh

x
¡ gpφq, and the equation β � sinβ � 2πh

x
must have a root between φ and 2π. Therefore, we can find the range of β

for which β � sinβ ¥ 2πh

x
.

To solve our main problem, we need to find the minimum value of

A4 � 1

2
r2pβ � sinβq � 1

2
rβ

4πh

β � sinβ

as β varies from 2π to γ, where γ� sin γ � 2πh

x
. If we differentiate A4 with

respect to β, we have, after simplification,

dA4

dβ
� 1

2
r2p1 � cosβq � 2πrh

β cosβ � sinβ

pβ � sinβq2 .

However, the above expression is so complicated that we cannot solve the

equation
dA4

dβ
� 0 analytically. But we can deduce that, since r2, 1� cosβ,

r, h and pβ � sinβq2 are all non-negative numbers, if β cosβ � sinβ ¡ 0,

then
dA4

dβ
¡ 0. When β is in the range of

3π

2
  β   2π, cosβ ¡ 0, cosβ ¡ 0
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and � sinβ ¡ 0, hence
dA4

dβ
¡ 0, i.e. when β starts decreasing from 2π, the

total wet surface area must be decreasing.

To find the turning point numerically, a programme is written in the Excel
file attached in the worksheet “Part 2 (A4)”. The input and output of the
programme are very similar to the “Part 1” worksheet.

Finally, we consider A5(A revised version of this part by the author is on
page 25, cf. Reviewer’s Comments 1).

When α further decreases so that β � sinβ ¤ 2πh

x
, the water will touch

the lid. The wet contact surface area will then be equal to the sum of the
wet area on the base, the wet area on the lid, and the wet curved surface
area.

The wet area on the base � 1

2
r2pβ � sinβq

The wet area on the lid � 1

2
r2pλ� sinλq,

where λ is the angle at centre formed by the water segment on the lid. Note
that 0 ¤ λ ¤ φ.

The wet curved surface area is actually a trapezium, with height equals
to 2x, and two parallel sides equal to rβ and rλ. Therefore, the wet curved

surface area � prβ � rλq � p2xq � 1

2
� rxpβ � λq. Hence

A5 � 1

2
r2pβ � sinβq � 1

2
r2pλ� sinλq � rxpβ � λq.

In order to find the minimum value of A5 as β varies, we will try to express
λ in terms of β.

Now consider the volume of water. We can cut the shape of water into
two parts - a cylinder with base equal to the shape of water on the lid, and
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half of a cylinder with base equal to a section of circle cut by the water
depth of base and water depth of lid, as shown in the following figure.

Then

the volume of water � 1

2
r2pλ� sinλq � 2x

� 1

2
� 1

2
r2rpβ � sinβq � pλ� sinλqs � 2x

� xr2tpλ� sinλq � 1

2
rpβ � sinβq � pλ� sinλqsu

� xr2

2
rpβ � sinβq � pλ� sinλqs.

Therefore,

πr2h � xr2

2
rpβ � sinβq � pλ� sinλqs

λ� sinλ � 2πh

x
� pβ � sinβq

Therefore,

A5 � 1

2
r2pβ � sinβq � 1

2
r2pλ� sinλq � rxpβ � λq

� 1

2
r2pβ � sinβq � 1

2
r2r2πh

x
� pβ � sinβqs � rxpβ � λq

� r2πh

x
� rxpβ � λq.

The above expression implies that, as α varies, the sum of the area of wet

surface on the base and the area of wet surface on the lid is a constant
r2πh

x
.

Therefore, we only need to find the minimum value of the wet curved surface
area rxpβ � λq, i.e. to find the minimum value of pβ � λq. However, from

the expression λ� sinλ � 2πh

x
� pβ � sinβq, we cannot express λ in terms

of β explicitly, hence we cannot write A5 in terms of β.

Although we cannot write A5 in terms of β only, we can use other method to
investigate when A5 will be minimum. Now let the area of the wet segment
on the base or the lid be Kp�q, then the wet segment on the lid is
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Kpλq � r2

2
gpλq

� r2

2
pλ� sinλq.

As h   x, the water depth on the lid would never exceed r, i.e. 0 ¤ λ   π,
for cylinders of any dimensions.

The wet segment on the base is

Kpβq � r2

2
gpβq

� r2

2
pβ � sinβq,

where 0   β   2π for cylinders of any dimensions.

Note that Kpβq �Kpλq � r2πh

x
, which is a constant.

Now consider

K 1pλq � r2

2
p1 � cosλq.

The graph of K 1pλq against λ is as follows:

Let λ take a value λ1, where 0 ¤ λ1   π. Then there will be a corresponding
value of β, and let it be β1, where λ1   β1   2π � λ1. (The requirement of
β1   2π�λ1, though obvious, can be mathematically proved by considering
the trivial case when λ1 � 0 and β1   2π. The reasoning is the same as the
following proof, but in this trivial case the condition of β1   2π � λ1 is not
required.)
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Noting that the graph is reflectional symmetric along φ � π and opens
downward, we have 0   K 1pλ1q   K 1pβ1q as λ1   β1   2π � λ1, i.e. no
matter what the dimensions of the cylinder are, the increasing rate of change
of lid area Kpλ1q is lower than the increasing rate of change of the base area
Kpβ1q. However, as 0   K 1pλ1q   K 1pβ1q, if λ1 increases to λ2, in order to
keep Kpλq �Kpβq as a constant, the increase from λ1 to λ2 will be greater
than the decrease from β1 to β2, i.e. λ1 � β1   λ2 � β2. Therefore, as λ
increases, λ� β will increase, i.e. the value of A5 is minimum when λ � 0.
After the water touches the lid, the smaller the inclination angle, the larger
the total wet surface area.

Conclusion for the case of h   x

When the water still covers the base completely, the total wet surface area
remains unchanged.

When the water starts not covering the base completely, the total wet sur-
face area starts decreasing. The minimum total wet surface area can be
attained at a time when the water is not covering the base completely but
not yet touches the lid.

After the water touches the lid, the total wet surface area starts increas-
ing until the cylinder is placed horizontally.

To calculate the exact inclination angle needed for the minimum wet surface
area, we need to use some numerical methods, such as Solver in the Excel
files attached.

Case 2: h ¡ x

We apply the result of the h   x case to the h ¡ x case. As

capacity of the cylinder � volume of water � volume of empty space

and the first two terms are constant, the volume of empty space is a constant.
Also,

total surface area of the cylinder � total wet surface area

� total “untouched” surface area.

Since the total surface area of the cylinder is unchanged, to find the min-
imum total wet surface area, we can find the maximum total untouched
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surface area. The total untouched surface area with water level h is ex-
actly the same as the total wet surface area with water level 2x� h. Since
x   h   2x, we have 0   2x�h   x and hence we can use the result in case
1, but this time we need to find the maximum ‘wet surface area’. According
to our result in case 1, when the inclination angle changes, the variation of
the total untouched surface area is as follows:

When the water still covers the base completely, the total untouched surface
area remains unchanged.

When the water starts not covering the base completely, the total untouched
surface area starts decreasing. It may or may not bounce back to increase
before the water touches the lid.

After the water touches the lid, the total untouched surface area starts
increasing until the cylinder is placed horizontally.

Therefore, the maximum total untouched area occurs either in the verti-
cal position (or any A3 position) or the horizontal position. According to
the result in part 1, if r ¥ x, then vertical position always gives the smallest
total wet surface area; if r   x, then we can simply calculate the area in
both horizontal and vertical positions, and compare which position would
give a smaller total wet surface area, then that position would be the posi-
tion giving the smallest total wet surface area among all inclination angles.
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We can conclude the result of this part in the following table:

Water level h The position where the wet contact area is
smallest.

h   x Some position where the water is not totally
covering the base, and not yet touches the lid
(A4 position). The inclination angle α can be
calculated by numerical methods.

h � x Any position will give the same wet contact
area.

h ¡ x If r ¥ x, vertical position.
If r   x, either vertical position or horizontal
position, need to use direct checking to find the
position giving smallest wet contact area.

5. Conclusion

In both parts, we have analysed how the wet surface area changes when
the variables vary. We have found a way to find out the solution for all
kinds of cylinder. Not only having found the corresponding values of the
independent variables, we have examined the properties of the functions as
far as I can. The results are clearly presented in the end of each part. In
the process I found different interesting properties (such as the constant
sum of base areas in A5) and used various mathematical tools (such as
differentiation, numerical methods, and investigating property of functions).
I am very happy that I can solve my problem with the knowledge learnt in
mathematics lessons.
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Reviewer’s Comments

1. In part 2, in the case of A4, the shape of the water is not a cone(p.14)
nor half of a cylinder(p.16) and the wet curved surface area is not a
triangle(p. 15). Similarly, in the case of A5, the shape of the water
surface is not a trapezium(p.18) and the shape of the water is not the
combination of two cylinders(p.18). Therefore, the subsequent calcula-
tions are incorrect. A revised version of these two parts by the author
is on the next page.

2. The consideration given by the author in part 2 is “over-simplified”,
and may be worth further exploration.
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The discussion of A4 and A5 revised by the author

Now consider A4.

The left figure show the shape of the water, while the right figure shows the
base of the cone. h1 and β are defined as shown above. Note that β will
decrease from 2π to γ, where γ is the angle at centre of the base formed by
the water when the water just touches the lid.

The wet contact area on the base �
�
r2β

2
� r2 sinβ

2

�
.

Note that when β ¡ π, the wet surface area should be the area of sector
plus the area of triangle. However, since sinp2π � βq � � sinβ, the above
expression still holds when β ¡ π.

The curve formed on the water surface is a part of an ellipse. Therefore,
the wet curved surface area is lined by a part of an elliptical curve. By
integration, the value of this area is calculated as follows:

The inclined cylindrical container is placed in a 3-dimensional space:
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The wet curved area
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.

By substituting V � πrh, we have

tanα � r

πh

�
2

3
sin3 β

2
� 1

2
β cos

β

2
� cos2 β

2
sin

β

2



.
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Therefore,

the wet curved surface area � r2 cotα

�
2 sin

β

2
� β cos

β

2




�
πrh

�
2 sin β

2 � β cos β2

	
2
3 sin3 β

2 � 1
2β cos β2 � cos2 β

2 sin β
2

.

So

A4 � 1

2
r2pβ � sinβq �

πrh
�

2 sin β
2 � β cos β2

	
2
3 sin3 β

2 � 1
2β cos β2 � cos2 β

2 sin β
2

.

Though the wet curved surface area can now be written as a function of a
single variable β only, this complicated expression makes it almost impos-
sible to use analytical method to have any further exploration about the
relationship between A4 and β. Therefore, in the following discussion we
will use some simple estimations in wet curved surface area and volume, so
that we can further investigate the change of A4 when β varies.

The wet curved surface area is estimated as the area of a triangle with
base equal to the wet arc on the base and with height equal to h1. There-

fore, the wet curved surface area ≈
rβh1

2
.

Therefore,

the estimated value of A4 �
�
r2β

2
� r2 sinβ

2



� rβh1

2

� 1

2
r2pβ � sinβq � 1

2
rβh1.

To relate β and h1 to other known constants or the variable α, we consider
the following figure.
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Let the depth of water on the base be d.

d � r � r cos
β

2

� rp1 � cos
β

2
q

Note that the above expression is still correct when β ¡ π.

Consider the triangle formed by the water:

h1 � d

tanα

� rp1 � cos β2 q
tanα

The volume of water is estimated as half of a cylinder with base as the shape
formed on the base of the cylinder and with height h1. The volume of water,

V ≈
1

2
� base area � height

� 1

2

�
1

2
r2pβ � sinβqh1

�

� r3

4
pβ � sinβq1 � cos β2

tanα
.

By substituting V � πr2h, we have

tanα ≈
rpβ � sinβqp1 � cos β2 q

4πh
.

When α is given, it is difficult to calculate the value of β, but it is easy to do
the opposite. Therefore, we will switch the variable β to make our question
a bit easier to analyse.
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So we write A4 in terms of β.

A4 ≈
1

2
r2pβ � sinβq � 1

2
rβh1

� 1

2
r2pβ � sinβq � 1

2
rβ
rp1 � cos β2 q

tanα

� 1

2
r2pβ � sinβq � 1

2
rβ

4πh

β � sinβ

A4 is defined only when the water does not touch the lid. Therefore, A4 is
defined only when

h1 ¤ 2x

4πh

β � sinβ
¤ 2x

β � sinβ ¥ 2πh

x

Let gpβq � β � sinβ. Since β decreases from 2π to φ, where φ is the
angle at centre of the base when the cylinder is placed horizontally and
g1pβq � 1� cosβ ¥ 0 for all values of β, gpβq is non-increasing from gp2πq �
2π to gpφq. Considering the volume of water when the cylinder is placed
horizontally, we have

πr2h � r2

2
pφ� sinφq � 2x

φ� sinφ � πh

x

Therefore, gpφq � πh

x
.

Since h   x, gp2πq ¡ 2πh

x
¡ gpφq, and the equation β � sinβ � 2πh

x
must have a root between φ and 2π. Therefore, we can find the range of β

for which β � sinβ ¥ 2πh

x
.

To solve our main problem, we need to find the minimum value of

A4 � 1

2
r2pβ � sinβq � 1

2
rβ

4πh

β � sinβ
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as β varies from 2π to γ, where γ� sin γ � 2πh

x
. If we differentiate A4 with

respect to β, we have, after simplification,

dA4

dβ
� 1

2
r2p1 � cosβq � 2πrh

β cosβ � sinβ

pβ � sinβq2 .

However, the above expression is so complicated that we cannot solve the

equation
dA4

dβ
� 0 analytically. But we can deduce that, since r2, 1� cosβ,

r, h and pβ � sinβq2 are all non-negative numbers, if β cosβ � sinβ ¡ 0,

then
dA4

dβ
¡ 0. When β is in the range of

3π

2
  β   2π, cosβ ¡ 0, cosβ ¡ 0

and � sinβ ¡ 0, hence
dA4

dβ
¡ 0, i.e. when β starts decreasing from 2π, the

total wet surface area must be decreasing.

To find the turning point numerically, a programme is written in the Excel
file attached in the worksheet “Part 2 (A4)”. The input and output of the
programme are very similar to the “Part 1” worksheet.

Finally, we consider A5.

When α further decreases so that β � sinβ ¤ 2πh

x
, the water will touch

the lid. The wet contact surface area will then be equal to the sum of the
wet area on the base, the wet area on the lid, and the wet curved surface
area.

The wet area on the base � 1

2
r2pβ � sinβq

The wet area on the lid � 1

2
r2pλ� sinλq,

where λ is the angle at centre formed by the water segment on the lid. Note
that 0 ¤ λ ¤ φ.

The wet curved surface area is formed by a part of elliptical curve and
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two straight lines. By integration, the value of this area is calculated as
follows:

The wet curved area
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» r
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2
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The volume of water

�
» r
r cos β

2

» ?r2�x2

�?r2�x2

» cotαpx�r cos β

2
q

0
dzdydx

�
» r
r cos λ

2

» ?r2�x2

�?r2�x2

» cotαpx�r cos λ

2
q

0
dzdydx

� r3 cotα

��
2

3
sin3 β

2
� 1

2
β cos

β

2
� cos2 β

2
sin

β

2




�
�

2

3
sin3 λ

2
� 1

2
λ cos

λ

2
� cos2 λ

2
sin

λ

2


�
.

By substituting V � πr2h, we have

tanα � r
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Therefore,

the wet curved surface area
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So,

A5

� 1

2
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.

Similar to the case of A4, the above expression of wet curved surface area
makes it almost impossible to use analytical method to have any further
exploration about the relationship of A5 and β. Therefore, in the following
discussion we will use some simple estimations in wet curved surface area
and volume, so that we can further investigate the change of A5 when β
varies.

The wet curved surface area is estimated as a trapezium, with height equals
to 2x, and two parallel sides equal to rβ and rλ. Therefore, the wet curved

surface area ≈ prβ � rλq � p2xq � 1

2
� rxpβ � λq. Hence

A5 ≈
1

2
r2pβ � sinβq � 1

2
r2pλ� sinλq � rxpβ � λq.

In order to find the minimum value of A5 as β varies, we will try to express
λ in terms of β.

To make the question simple, we estimate the volume of water by cutting
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the shape of water into two parts – a cylinder with base equal to the shape
of water on the lid, and half of a cylinder with base equal to a section of
circle cut by the water depth of base and water depth of lid, as shown in
the following figure.

Then

the volume of water ≈
1

2
r2pλ� sinλq � 2x

� 1

2
� 1

2
r2rpβ � sinβq � pλ� sinλqs � 2x

� xr2tpλ� sinλq � 1

2
rpβ � sinβq � pλ� sinλqsu

� xr2

2
rpβ � sinβq � pλ� sinλqs.

Therefore,

πr2h ≈
xr2

2
rpβ � sinβq � pλ� sinλqs

λ� sinλ ≈
2πh

x
� pβ � sinβq

Therefore,

A5 ≈
1

2
r2pβ � sinβq � 1

2
r2pλ� sinλq � rxpβ � λq

� 1

2
r2pβ � sinβq � 1

2
r2r2πh

x
� pβ � sinβqs � rxpβ � λq

� r2πh

x
� rxpβ � λq.

The above expression implies that, as α varies, the sum of the area of wet

surface on the base and the area of wet surface on the lid is a constant
r2πh

x
.

Therefore, we only need to find the minimum value of the wet curved surface
area rxpβ � λq, i.e. to find the minimum value of pβ � λq. However, from

the expression λ� sinλ � 2πh

x
� pβ � sinβq, we cannot express λ in terms

of β explicitly, hence we cannot write A5 in terms of β.

Although we cannot write A5 in terms of β only, we can use other method to
investigate when A5 will be minimum. Now let the area of the wet segment
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on the base or the lid be Kp�q, then the wet segment on the lid is

Kpλq � r2

2
gpλq

� r2

2
pλ� sinλq.

As h   x, the water depth on the lid would never exceed r, i.e. 0 ¤ λ   π,
for cylinders of any dimensions.

The wet segment on the base is

Kpβq � r2

2
gpβq

� r2

2
pβ � sinβq,

where 0   β   2π for cylinders of any dimensions.

Note that Kpβq �Kpλq � r2πh

x
, which is a constant.

Now consider

K 1pλq � r2

2
p1 � cosλq.

The graph of K 1pλq against λ is as follows:

Let λ take a value λ1, where 0 ¤ λ1   π. Then there will be a corresponding
value of β, and let it be β1, where λ1   β1   2π � λ1. (The requirement of
β1   2π�λ1, though obvious, can be mathematically proved by considering
the trivial case when λ1 � 0 and β1   2π. The reasoning is the same as the
following proof, but in this trivial case the condition of β1   2π � λ1 is not
required.)



HOW TO KEEP WATER COLD 35

Noting that the graph is reflectional symmetric along φ � π and opens
downward, we have 0   K 1pλ1q   K 1pβ1q as λ1   β1   2π � λ1, i.e. no
matter what the dimensions of the cylinder are, the increasing rate of change
of lid area Kpλ1q is lower than the increasing rate of change of the base area
Kpβ1q. However, as 0   K 1pλ1q   K 1pβ1q, if λ1 increases to λ2, in order to
keep Kpλq �Kpβq as a constant, the increase from λ1 to λ2 will be greater
than the decrease from β1 to β2, i.e. λ1 � β1   λ2 � β2. Therefore, as λ
increases, λ� β will increase, i.e. the value of A5 is minimum when λ � 0.
After the water touches the lid, the smaller the inclination angle, the larger
the total wet surface area.


